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The application of mathematics to physical and natural phenomena in almost all cases makes 
use of pre-existing mathematical structures, such as Riemannian geometry and tensor 
calculus for general relativity, and matrices and Hilbert spaces for quantum mechanics. 
According to René Thom (Fields Medal 1958): “There is only one authentic counterexample 
to the thesis supporting the preformed, almost a priori character of the mathematical 
structures applied progressively to theoretical physics or to other branches of knowledge 
of reality: Fourier’s wave theory. It is very clear that the Fourier series theory was really 
inspired by physics, more precisely by the study of vibrating strings or the theory of heat.”
The current book deals with a second example of a mathematical development inspired 
by natural shapes and phenomena. Gielis curves were inspired by botany and various 
symmetries in nature, expanding Gabriel Lamé’s proposed use of superellipses to model 
crystals to a very wide range of natural shapes and phenomena.

In this book, these two methods are combined by showing how the original Fourier 
projection method can be used to solve boundary value problems on normal polar domains, 
in particular Gielis domains. Moreover, since each specific instance or curve comes with its 
proper trigonometric functions and Pythagorean theorem, this opens up new possibilities and 
connections in mathematics. In specific cases like the diamond, this leads to generalizations 
of Fourier’s work to deal with piecewise linear functions.

The key observation in this book is that Lamé-Gielis transformations provide for a new way to 
study nature in which many different fields of science can be unified. By generalizing Lamé’s 
work, the authors arrive at a 21st-century version of the Pythagorean theorem. Studying 
the world through these glasses we see more structure than chaos, more redundancy than 
entropy and continuous transformations between shapes. Circles and squares, ellipses and 
polygons, starfish and flowers, are no longer different, but one family of geometrical shapes.
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For Teresa and Christel





“Primary causes are unknown to us; but are subject to
simple and constant laws, which may be discovered by

observation, the study of them being the subject of natural
philosophy… Profound study of nature is the most fertile

source of mathematical discoveries”
J.-B.J. Fourier (preliminary discourse to the Theory of Heat)
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Preface

The Pythagorean theorem being linked to the concept of orthogonality
has always been of fundamental importance in applied mathematics,
since its origins, when the Pythagorean numerical triples were used
to determine the right angle necessary for the construction of temples,
altars and buildings. The theorem was first extended to the case of
Euclidean spaces with 𝑛 dimensions and subsequently, with the advent
of functional analysis [86], to Hilbert spaces through the so-called
Parseval equality.

After a concise introduction of the analysis concepts necessary for
understanding the text and a brief biography of Jean-Baptiste Joseph
Fourier, we recall the classical concepts of convergence for the Fourier
series [100] and their validity for functions satisfying suitable conditions.
It was only in 1966 that L. Carleson was able to prove the theorem
about the almost everywhere convergence of the Fourier series and for
his proof he was awarded the Abel prize in 2006.

We recall that in 1926 Andrey Kolmogorov had shown that there exist
continuous functions for which the corresponding Fourier series fails to
converge anywhere and so is numerically meaningless. Hence there were
strong doubts about the possibility of proving the theorem proclaimed
by Fourier, which had been so disputed by the great mathematicians of
his time. Furthermore, it is recalled that the convergence (in quadratic
mean) of the series of a given function occurs towards the function
itself if the chosen orthonormal basis constitutes a complete system, or
towards the orthogonal projection of the function on the linear manifold
generated by the basis functions in the opposite case.

Finally, the fact is highlighted that the Pythagorean equation, in
its extension due to G. Lamé, inspired one of us to introduce the
so-called superformula or generalization of the Lamé formula that
unifies, through the choice of appropriate parameters, the most different



x

natural and abstract forms. This generalization became known as Gielis
Transformations. In geometry they lead naturally to the framework of
Riemann-Finsler geometry (which could be called more aptly Riemann-
Finsler-Minkowski-Lamé geometry). In biology several tests of over
40,000 samples have provided the verification that it is an excellent
model to study natural shapes as diverse a starfish, tree rings, seeds,
leaves and cross sections of plant stems and petioles.

This suggests that these curves, rather than circles and straight lines,
should be a preferred model for the geometrization of nature. A main
question then is whether a new type of calculus is needed. But that
does not seem to be the case. After all, the transformations make use
of the classical trigonometric functions and the four main operations in
mathematics. Due to the work of the first author, it was shown that
the classic Fourier projection method can be used to study boundary
value problems on Gielis domains and more generally on normal polar
domains. This is not restricted to 2𝐷 domains, but works also for 3𝐷
domains and up. In 3𝐷 it generalizes the classic coordinate systems
(spherical, cylindrical, toroidal, …).

Moreover, shapes and phenomena can be studied within the framework
of submanifold theory, whereby shapes and the environment in which
they reside, live and grow, both play an active role in the genesis and
evolution of shapes and phenomena. In his Origin of Species, Darwin
wrote: “There is grandeur in this view of life, …, from so simple a
beginning endless forms most beautiful and most wonderful have been,
and are being, evolved”. We have the same here, with a simple beginning,
but it can be put into a broader framework not only for living beings. It
is in line with D’Arcy Thompson’s: “So the living and the dead, things
animate and inanimate, we dwellers in the world and the world in
which we dwell are bound alike by physical and mathematical law”. It
is a continuation of the old Greek strive for Harmony, rather than the
evolutionary struggle of survival of the fittest.

We would like to express our sincerest gratitude to Diego Caratelli,
Pierpaolo Natalini, Caterina Cassisa, Roberto Patrizi, Ilia Tavkhelidze
and Peijian Shi.
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Chapter 1. The Pythagorean Theorem
and Its Extensions

The Pythagorean theorem has its roots in the remote past. Early
traces can be found in ancient Indian, Egyptian and Mesopotamian
cultures, as the basis for the construction of the right angle necessary
for the construction of buildings. In reality, the Pythagorean triples
of integers (3,4,5), (6,8,10), (12,16,20), etc. first appeared and only
later with the introduction of irrational numbers, attributed to the
Pythagoreans themselves, its extension was considered, for example,
through Theodore’s spiral.

The historical figure of Pythagoras himself is shrouded in mystery, as
his birth on the Greek island of Samos has sometimes been questioned.
It seems that he came to Magna Graecia and lived in Crotone, where
he allegedly assumed political office and was subsequently killed in
Metaponto during a revolt. None of this is certain. It is the figure of a
philosopher who seems to have had strange metaphysical beliefs, such
as that of metempsychosis, and was sometimes mocked for this reason
(Horace, Satires, II, 6).

In any case, the importance of the theorem is fundamental in
mathematics because it is linked to the concept of orthogonality which
has so much relevance in modern mathematics. The extensions of the
theorem to Euclidean spaces first, and more generally to those of Hilbert
spaces, are recalled in the following as a basis for arriving at the
series expansions of orthogonal functions introduced by Fourier series
theory.

There exist many proofs of the Pythagorean theorem, starting with
the one by Euclid. Here we use probably the most simple one, which
makes use of the binomium square and the comparison of the areas of
two figures, both shown in a geometrical way. No further comments are
necessary.

In Figure 1 binomial square (𝑎 + 𝑏)2 = 𝑎2 + 2𝑎𝑏 + 𝑏2 is proven.
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In Figure 2 a geometrical proof of the Pythagorean theorem is shown.
The area of the square of side (𝑎 + 𝑏) is calculated in two ways: in the
left figure as 𝑐2 + 2𝑎𝑏 and in the right figure as 𝑎2 + 𝑏2 + 2𝑎𝑏. Since the
areas are equal it must be 𝑎2 + 𝑏2 = 𝑐2.

Figure 1. The square of a sum.

Figure 2. A geometrical proof.
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1.1 Al-Kashi (Carnot) Theorem
An extension of the Pythagorean theorem known as the Carnot
theorem was actually known by the Persian mathematician al-Kashi
(1380-1429) [8]. It is also called the law of cosines. It results from
applying the Pythagorean theorem, but it is necessary to distinguish
two cases depending on whether the angle 𝛼 = ̂𝐴 is acute or obtuse.

We refer to the case in which 𝛼 is acute, so that | cos𝛼| = cos𝛼. In the
other case, cos𝛼 < 0 but the minus sign in the following equation must
be replaced by a plus sign so that both cases follow using the absolute
value of cos𝛼. Considering Figure 3, we have 𝐴𝐷 = 𝑏 | cos𝛼|, 𝐶𝐷 =
𝑏 sin𝛼, 𝐷𝐵 = 𝑐 − 𝑏 | cos𝛼|, and by applying the Pythagorean theorem
to the triangle 𝐷𝐵𝐶 it follows that:

𝑎2 = (𝑏 sin𝛼)2 + (𝑐 − 𝑏 | cos𝛼|)2

= 𝑏2(sin2 𝛼 + cos2 𝛼) + 𝑐2 − 2 𝑏 𝑐 | cos𝛼|
= 𝑏2 + 𝑐2 − 2 𝑏 𝑐 | cos𝛼|

Figure 3. The case when 𝛼 ∶= ̂𝐴 is acute.

1.2 Vector Space on R; Scalar Product in R2

A vector space V on R is an abelian group, with respect to the sum, of
v elements called vectors [57]. This means that there is an associative
and commutative sum operation. There is a null vector 0 such that
∀v ∈ V,v + 0 = v and for each v there is an opposite −v such that
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v + (−v) = v − v = 0. Moreover, it is possible to multiply the vectors
by the numbers (called scalars) of R so that ∀u,v ∈ V, ∀𝛼, 𝛽 ∈ R, the
following properties are satisfied:

0v = 0
𝛼(u + v) = 𝛼u + 𝛼v
(𝛼 + 𝛽)u = 𝛼u + 𝛽u

The scalar product in R2 associates with each pair of elements of V
an element (scalar) of R2 so that ∀u,v ∈ V, ∀𝛼, 𝛽 ∈ R, the following
properties hold:

(u,v) = (v,u) Symmetry
(𝛼u + 𝛽w,v) = 𝛼(u,v) + 𝛽(w,v) Linearity

(u,u) > 0 if u ≠ 0 Positivity

For calculation there are two definitions:

⃗𝑂𝐴 ⋅ ⃗𝑂𝐵 = 1
2 (|𝑂𝐴|2 + |𝑂𝐵|2 − |𝐴𝐵|2)

Putting:

u = ⃗𝑂𝐴 = (𝑢1, 𝑢2), v = ⃗𝑂𝐵 = (𝑣1, 𝑣2)

it also follows that:

(u,v) = 𝑢1𝑣1 + 𝑢2𝑣2

In Figure 4 the geometrical meaning of the scalar product is shown.

Figure 4. Meaning of the scalar product when ⃗𝑂𝐵 is a unit vector.
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Equivalence of the two definitions

Given the vectors u = (𝑢1, 𝑢2), v = (𝑣1, 𝑣2), and denoting by |u| the
length of the vector u, using the Carnot theorem it follows that:

(u,v) = 1
2 (|u|2 + |v|2 − |u − v|2)

and from the Pythagorean theorem that:

(u,v) = 1
2 {𝑢2

1 + 𝑢2
2 + 𝑣2

1 + 𝑣2
2 − [(𝑢1 − 𝑣1)2 + (𝑢2 − 𝑣3)2]}

= 1
2 (2𝑢1𝑣1 + 2𝑢2𝑣2) = 𝑢1𝑣1 + 𝑢2𝑣2

1.3 Extension to R𝑛; Weighted
Scalar Product

The definition of scalar product extends to the case of R𝑛 by setting:

(u,v) = 𝑢1𝑣1 + 𝑢2𝑣2 + ⋯ + 𝑢𝑛𝑣𝑛

The following properties hold:

1. Bessel inequality in R𝑛:

when ℎ < 𝑛 ⇒ 𝑢2
1 + 𝑢2

2 + ⋯ + 𝑢2
ℎ < |𝑢|2

2. Pythagorean theorem in R𝑛:

|𝑢|2 = 𝑢2
1 + 𝑢2

2 + ⋯ + 𝑢2
𝑛

A further extension of the scalar product is obtained by introducing
a weight vector w = (𝑤1, 𝑤2, … , 𝑤𝑛). Therefore, we define the scalar
product with weight 𝑤 by setting:

(u,v)w = 𝑢1𝑣1𝑤1 + 𝑢2𝑣2𝑤2 + ⋯ + 𝑢𝑛𝑣𝑛𝑤𝑛

The notion of linear dependence and independence is of fundamental
importance.
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Definition. The vectors v1,v2, … ,v𝑚 are linearly independent if and
only if the following implication holds:

𝛼1v1 + 𝛼2v2 + ⋯ + 𝛼𝑚v𝑚 = 0 ⇒ 𝛼1 = 𝛼2 = ⋯ = 𝛼𝑚 = 0

Otherwise, they are said to be linearly dependent. The linear
combinations of the linearly independent vectors v1,v2, … ,v𝑚 generate
a linear manifold of dimension 𝑚:

V𝑚 ⊂ V

Definition. The vector space V has dimension 𝑛 if 𝑛 is the maximum
number of linearly independent vectors in it.

Introducing in the vector space V, of dimension 𝑛, the orthonormal
base:

e1 = (1, 0, 0, … , 0), e2 = (0, 1, 0, … , 0), … , e𝑛 = (0, 0, … , 0, 1)

(eℎ, e𝑘) = 𝛿ℎ,𝑘 = {0 𝑖𝑓 ℎ ≠ 𝑘
1 𝑖𝑓 ℎ = 𝑘

Then the vector u writes as:

u = 𝑢1e1 + 𝑢2e2 + ⋯ + 𝑢𝑛e𝑛

and it turns out that the generic component 𝑢𝑘 of the vector u is given
by the scalar product:

𝑢𝑘 = (u, e𝑘)
In fact, we have:

(u, e𝑘) = 𝑢1(e1, e𝑘) + 𝑢2(e2, e𝑘) + ⋯ + 𝑢𝑘(e𝑘, e𝑘) + ⋯ + 𝑢𝑛(e𝑛, e𝑘) = 𝑢𝑘
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Chapter 2. Recalling Sequences & Series

We recall, in a schematic way, the basic definitions about sequences and
series [62].

A sequence is a function defined on the set N of integers
(𝑛 ∈ N).

A property is said to be definitively true if it holds for all integer indices
greater than a given value.

The sequence 1
𝑛 converges to zero. We write: 1

𝑛 → 0.

The sequence 𝑛 diverges positively. We write: 𝑛 → +∞.

The sequence {(−1)𝑛} is indeterminate: it does not admit a limit.

The sequence {𝑎𝑛} converges to the limit ℓ ⇔ |𝑎𝑛 − ℓ| → 0.

The sequence {𝑎𝑛} is convergent if and only if ∀𝜀 > 0 it results
definitively that |𝑎𝑛 − 𝑎𝑚| < 𝜀 (Cauchy’s convergence criterion).

The sequence {𝑎𝑛} diverges positively ⇔ ∀𝐾 > 0 it results definitively
that |𝑎𝑛| > 𝐾.

A series is the sum of the terms of a sequence: ∑∞
𝑘=1 𝑎𝑘.

The study of series reduces to that of the sequence of partial sums:
𝑠𝑛 = ∑𝑛

𝑘=1 𝑎𝑘.

If {𝑠𝑛} → 𝑠 the series is convergent and its sum is 𝑠.

If {𝑠𝑛} → +∞ the series diverges positively.

If {𝑠𝑛} does not have a limit the series is said to be indeterminate.

The series of Zeno’s paradox is convergent: ∑∞
𝑘=0 1/2𝑛 = 2.
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The harmonic series is positively divergent: ∑∞
𝑘=1 1/𝑘 = +∞.

The series ∑∞
𝑘=0(−1)𝑘 is indeterminate.

If {𝑎𝑛} depends on 𝑥 ∈ (𝑎, 𝑏) we have sequences or series of functions.

For example, the series of functions ∑∞
𝑘=1 𝑎𝑘(𝑥) converges to 𝑆(𝑥) in

(𝑎, 𝑏) if ∀𝑥 ∈ (𝑎, 𝑏) we have:

|𝑆𝑛(𝑥) − 𝑆(𝑥)| = |
𝑛

∑
𝑘=1

𝑎𝑘(𝑥) − 𝑆(𝑥)| → 0

The convergence of this series is uniform in [𝛼, 𝛽] ⊂ (𝑎, 𝑏) if:

max
𝑥∈[𝛼,𝛽]

|𝑆𝑛(𝑥) − 𝑆(𝑥)| → 0

It is proven that the limit of a uniformly convergent sequence of
continuous functions is a continuous function.

Example: consider the geometric series ∑∞
𝑘=0 𝑥𝑘.

Recalling the equation 1−𝑥𝑛 = (1−𝑥)(1+𝑥+𝑥2 +⋯+𝑥𝑛−1), assuming
𝑥 ≠ 1, it follows that:

𝑆𝑛(𝑥) = 1 + 𝑥 + 𝑥2 + ⋯ + 𝑥𝑛−1 = 1 − 𝑥𝑛

1 − 𝑥
Since:

𝑥𝑛 →
⎧{
⎨{⎩

0 𝑖𝑓 |𝑥| < 1
+∞ 𝑖𝑓 𝑥 > 1
indeterminate 𝑖𝑓 𝑥 ≤ −1

we can conclude that:

∞
∑
𝑘=0

𝑥𝑘 =
⎧{
⎨{⎩

1
1−𝑥 𝑖𝑓 |𝑥| < 1
+∞ 𝑖𝑓 𝑥 ≥ 1
indeterminate 𝑖𝑓 𝑥 ≤ −1

Moreover, the convergence cannot be uniform in [−1, 1], but only in
intervals of the type [𝛼, 𝛽] ⊂ (−1, 1).
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Chapter 3. Hilbert and Metric Spaces

Hereafter, for simplicity of writing, we will abandon the notation in
bold to denote vectors.

The vector space ℋ on R is said to be equipped with a scalar product
if there is a law that each pair 𝑥, 𝑦 of elements of ℋ is associated
with a real number, denoted by the symbol (𝑥, 𝑦), so that the following
properties hold ∀𝑥, 𝑦, 𝑧 ∈ ℋ, ∀𝛼, 𝛽 ∈ R:

(1) (𝑥, 𝑥) ≥ 0
(2) (𝑥, 𝑥) = 0 ⇔ 𝑥 = 0 (zero vector)
(3) (𝛼𝑥 + 𝛽𝑦, 𝑧) = 𝛼(𝑥, 𝑧) + 𝛽(𝑦, 𝑧)
(4) (𝑥, 𝑦) = (𝑦, 𝑥)

By the above properties it is even possible to prove the following ones:

(5) (𝛼𝑥, 𝛼𝑥) = |𝛼|2(𝑥, 𝑥)
(6) |(𝑥, 𝑦)| ≤ √(𝑥, 𝑥)√(𝑦, 𝑦)
(7) √(𝑥 + 𝑦, 𝑥 + 𝑦) ≤ √(𝑥, 𝑥) + √(𝑦, 𝑦) ∀𝑥, 𝑦 ∈ ℋ

In (6) (the Cauchy-Schwarz inequality) the equality holds if and only if
𝑥 and 𝑦 are linearly dependent. In (7) the equality holds only if 𝑥 = 0
or 𝑥 = 𝛼𝑦 with 𝛼 ≥ 0.

From the above-mentioned properties it immediately follows that every
space endowed with a scalar product is a normed space (and therefore
also metric) with the definition of norm given by:

‖𝑥‖ ∶= √(𝑥, 𝑥)

In particular, from property (7) it follows that every space equipped
with a scalar product is a normed space. If the thus obtained normed
space ℋ is complete, then it is called a Hilbert space. Completeness
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means that every sequence that satisfies the Cauchy convergence
criterion converges to a vector that belongs to the space.

Two vectors 𝑥, 𝑦 of ℋ are said to be orthogonal if their scalar product
vanishes: (𝑥, 𝑦) = 0.

3.1 Infinite Dimensional Vector Spaces;
The Space 𝐿2

𝑤
The space constituted by the polynomial functions has an infinite
dimension, since whatever 𝑛 the vectors {1, 𝑥, 𝑥2, 𝑥3, … , 𝑥𝑛} are linearly
independent. Indeed a linear combination of them (i.e. a polynomial) is
identically zero if and only if all the coefficients of the combination are
zero.

The space 𝐿2
𝑤(𝑎, 𝑏), with 𝑤(𝑥) a non-negative real weight function not

vanishing almost everywhere in (𝑎, 𝑏), is made of almost continuous real
functions in (𝑎, 𝑏) and such that the integral of the function 𝑓2(𝑥)𝑤(𝑥)
in (𝑎, 𝑏) is bounded [86].

The scalar product is defined by:

(𝑓, 𝑔)𝑤 ∶= ∫
𝑏

𝑎
𝑓(𝑥)𝑔(𝑥)𝑤(𝑥)𝑑𝑥

Note the transition from discrete to continuous: when the vectors u,v
have a discrete number 𝑛 of components, their scalar product with
weight 𝑤 is the sum of products 𝑢1𝑣1𝑤1 + 𝑢2𝑣2𝑤2 + ⋯ + 𝑢𝑛𝑣𝑛𝑤𝑛.

When the functions 𝑓(𝑥), 𝑔(𝑥) and 𝑤(𝑥) are defined on the interval (𝑎, 𝑏),
their components must be interpreted as the infinite values assumed in
(𝑎, 𝑏) and the scalar product is transformed into the integral of the
products 𝑓(𝑥)𝑔(𝑥)𝑤(𝑥):

𝑛
∑
𝑘=1

𝑢𝑘𝑣𝑘𝑤𝑘 → ∫
𝑏

𝑎
𝑓(𝑥)𝑔(𝑥)𝑤(𝑥)𝑑𝑥
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A set (also called system) of functions of a Hilbert space is said to be
complete if it is possible to approximate any function of space to less
than a predetermined 𝜀 number by means of a finite linear combination
of elements of the system.

Suppose we have an orthonormal complete system of functions {𝑢𝑛(𝑥)},
(𝑛 = 0, 1, 2, … ), such that ∀ℎ, 𝑘:

(𝑢ℎ, 𝑢𝑘)𝑤 = ∫
𝑏

𝑎
𝑢ℎ(𝑥)𝑢𝑘(𝑥)𝑤(𝑥)𝑑𝑥 = 𝛿ℎ,𝑘

Then, expanding a function 𝑓(𝑥) in (𝑎, 𝑏) by means of the uniformly
convergent series:

𝑓(𝑥) = 𝑓0𝑢0(𝑥) + 𝑓1𝑢1(𝑥) + ⋯ + 𝑓𝑛𝑢𝑛(𝑥) + ⋯

proceeding analogously to the discrete case, we find that the
components 𝑓𝑘 of the function 𝑓(𝑥), with respect to the aforementioned
basis, are given by the numbers:

𝑓𝑘 = (𝑓, 𝑢𝑘)𝑤 = ∫
𝑏

𝑎
𝑓(𝑥)𝑢𝑘(𝑥)𝑤(𝑥)𝑑𝑥

which are called the Fourier coefficients of the function 𝑓(𝑥).
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Chapter 4. Fourier and the
Trigonometric Series

The education of Jean-Baptiste Joseph Fourier [5] (Figure 5) was first
carried out by the Benedictines and later in a military school. He would
have liked to pursue a military career, but was not accepted due to his
modest origins.

In the spring of 1793 he began to pursue political ideals. Favorable
to the ideas of the Revolution, he joined the Société Populaire of
Auxerre. As a consequence of his courageous defense of some victims
of The Terror, he was arrested on July 4th, 1794 and risked to be
guillotined, but luckily was released on the 28th following the fall of
Maximilien Robespierre. He then entered the École Normale Supérieure,
where he had as professors, among others, the leading scientists of
that time: Joseph-Louis Lagrange, Pierre-Simon Laplace and Gaspard
Monge for Mathematics and Claude Louis Berthollet for Chemistry. In
September 1794, he was again arrested on charges of having been a
follower of Robespierre, but was released probably due to intervention

Figure 5. Jean-Baptiste Joseph Fourier.
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by his professors or by Napoleon himself. From 1795 he was assistant to
Lagrange at the École Centrale des Travaux Publiques, later baptized
École Polytechnique, a military academy established by Monge, and in
1797 he succeeded Lagrange in the role of Professor of Analysis and
Mechanics. He was said to be an excellent teacher.

In 1798, together with 164 other scholars including Monge and
Berthollet (the so-called Légion de Culture), Fourier sailed from Toulon
with Napoleon and general Kléber to Egypt, where he computed the
height of the pyramids of Memphis by measuring the height of each
step and using the least squares method in order to minimize the errors.
Following the British victories, all the members of the Institute returned
back to France in 1801. Fourier was then appointed by Napoleon, once
again on the recommendation of Monge and Berthollet, as Prefect of
the Department of Isère which had Grenoble as its capital. It was
in Grenoble that he studied the propagation of heat, modeling the
evolution of temperature by means of trigonometric series.

Fourier studied the trigonometric series [100] using the properties of
orthogonality:

∫
𝜋

−𝜋
cos(ℎ𝑥) cos(𝑘𝑥)𝑑𝑥 =

⎧{
⎨{⎩

2𝜋 𝑖𝑓 ℎ = 𝑘 = 0
𝜋 𝑖𝑓 ℎ = 𝑘 ≠ 0
0 𝑖𝑓 ℎ ≠ 𝑘

∫
𝜋

−𝜋
sin(ℎ𝑥) sin(𝑘𝑥)𝑑𝑥 = {𝜋 𝑖𝑓 ℎ = 𝑘 ≠ 0

0 𝑖𝑓 ℎ ≠ 𝑘

∫
𝜋

−𝜋
sin(ℎ𝑥) cos(𝑘𝑥)𝑑𝑥 = 0 ∀ℎ, 𝑘

and stated that any periodic function in [−𝜋, 𝜋] could have an expansion
into a convergent series of sines and cosines. In Figures 6 and 7 examples
of expansions are shown.

The study of the trigonometric series [100, 106] was undertaken by
Fourier in the context of the problem of heat transmission. It is
said that Fourier wanted to establish at what depth a cellar should
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Figure 6. Approximation of a square wave.

Figure 7. Approximation of a sawtooth wave.

be built to keep a constant temperature throughout the year (an
important condition for the conservation of wine). The problem of heat
propagation became the topic of the Grand Prix of the Académie des
Sciences Mathématiques in 1811. Fourier presented his work for the
purpose of winning the prize. The Commission, composed of Lagrange
(Figure 8 left), Laplace (Figure 8 right), Malus, Haüy and Lacroix
rewarded Fourier. However, Lagrange criticized the work in terms of
rigor and difficulty in generalizing the results. Therefore, the work was
not published in the Mémoires de l’Académie.

It was only in 1822 that Fourier succeeded in publishing La Théorie
Analytique de la Chaleur. It became one of the classics of mathematics,
including part of his work from 1812.
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Figure 8. Left: Joseph-Louis Lagrange. Right: Pierre-Simon Laplace.

But before that many things had to happen, which involved Fourier
in the stormy periods of Napoleon’s fall. In 1814 Napoleon abdicated
and Louis XVIII took the throne. It was a difficult time for Fourier,
but his diplomatic ability managed to save his position in Grenoble.
In the period of Napoleon’s return and after the battle of Waterloo
he had to navigate between the interests of the Empire and those
of the Restoration. He was first set aside and later, in 1817, he
was finally admitted to the Académie. In 1822, he was appointed
Secrétaire Perpétuel of the Académie for Mathematical Sciences. After
the death of Lagrange and Laplace, Fourier had moments of strong
rivalry with both Poisson and Cauchy, but he had the support of his
devoted friends Sturm, Navier, Dirichlet and Liouville. In fact, as his
results were not published yet, they were used by colleagues without
mentioning it.

Among other contributions of Fourier it is worth to mention the solution
of a system of linear inequalities, a method for finding a constrained
minimum in R𝑛 that prefigures the simplex algorithm and his article
Remarques Générales sur les Températures du Globe Terrestre et des
Espaces Planétaires in which, studying the effects of the presence of the
atmosphere on solar radiation, he conjectured what is now called the
greenhouse effect.
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4.1 On the Convergence of
Trigonometric Series

The Fourier system is shown to be complete. The systems of
the so-called classical orthogonal polynomials (Jacobi, Gegenbauer,
Legendre, Chebyshev, etc.) are also complete [60]. The definition of
complete system requires that every function can be approximated in
norm, less than a fixed 𝜀, by means of a finite linear combination of
elements of the system. Therefore, if for example we took only the sine
functions, which are odd, there would be no possibility of approximating
the functions that were not themselves odd. Similarly for the cosine
functions. Therefore, in the case examined by Fourier it is essential to
include both the sine and cosine functions in the basis.

The problem of the convergence of Fourier series is very complex and
has only recently been solved by Lennart Carleson (Figure 9), winner of
the 2006 Abel Prize. In fact, three types of convergence are considered:

1. Convergence in quadratic mean
2. Pointwise convergence
3. Uniform convergence

Referring for shortness to the expansions with respect to a complete
system of polynomial functions with unit weight 𝑤(𝑥) ≡ 1, denoting by

Figure 9. Lennart Carleson was the winner of the 2006 Abel Prize.
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∑𝑛
𝑘=0 𝑓𝑘𝑢𝑘(𝑥) the partial sum of the Fourier series, with coefficients as

indicated above, we must have respectively:

1. ∫𝑏
𝑎 ∣∑𝑛

𝑘=0 𝑓𝑘𝑢𝑘(𝑥) − 𝑓(𝑥)∣2 𝑑𝑥 → 0
2. If 𝑥 ∈ (𝑎, 𝑏) ⇒ ∑𝑛

𝑘=0 𝑓𝑘𝑢𝑘(𝑥) → 𝑓(𝑥)
3. If 𝑥 ∈ [𝛼, 𝛽] ⊂ (𝑎, 𝑏) ⇒ max𝑥∈[𝛼,𝛽] ∣∑𝑛

𝑘=0 𝑓𝑘𝑢𝑘(𝑥) − 𝑓(𝑥)∣ → 0

In the case of a complete system, there is always the convergence
in quadratic mean. Pointwise convergence occurs only in the points
of continuity of the function in which further there exist both the
right derivative 𝑓 ′(𝑥)+ and the left one 𝑓 ′(𝑥)− (in particular where
the function is differentiable). In the points where the function has a
discontinuity of the first kind (right limit 𝑓(𝑥)+ and left limit 𝑓(𝑥)−

bounded) and again 𝑓 ′(𝑥)+ and 𝑓 ′(𝑥)− exist, we have the convergence
towards the midpoint:

𝑓(𝑥)+ + 𝑓(𝑥)−

2
Uniform convergence can occur only in bounded and closed intervals
contained in the intervals of continuity of the function.

Lennart Carleson proved that if the integral of the square of the function
in (𝑎, 𝑏) is bounded, then the pointwise convergence holds up to a set
of points of measure zero in (𝑎, 𝑏).
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Chapter 5. Applications

5.1 The Dirichlet Problem for the Laplace
Equation in a Circular Domain

Consider in the plane 𝑥, 𝑦 the circle 𝐶, centered at the origin 𝑂 and
with radius 𝑟. We want to construct a function harmonic regular in
𝐶, which takes on assigned values on the boundary 𝜕𝐶. It is therefore
necessary to solve the problem:

⎧{
⎨{⎩

Δ2𝑢 ≡ 𝜕2𝑢
𝜕𝑥2 + 𝜕2𝑢

𝜕𝑦2 = 0 (𝑥, 𝑦) ∈ 𝐶 − 𝜕𝐶

𝑢 = 𝑓(𝑥, 𝑦) on 𝜕𝐶
(5.1)

It is usual to introduce the polar coordinates (𝑥 = 𝜌 cos𝜑, 𝑦 = 𝜌 sin𝜑)
and to translate the problem (5.1) into the equivalent one (with a
simplified notation):

⎧{
⎨{⎩

𝜕2𝑢
𝜕𝜌2 + 1

𝜌
𝜕𝑢
𝜕𝜌 + 1

𝜌2
𝜕2𝑢
𝜕𝜑2 = 0 𝜌 ∈ [0, 𝑟), 𝜑 ∈ [0, 2𝜋]

𝑢(𝑟, 𝜑) = 𝑓(𝜑) ∀𝜑 ∈ [0, 2𝜋]
(5.2)

with the regularity condition for the solution 𝑢 also for 𝜌 = 0 and with
𝑓(0) = 𝑓(2𝜋). Assuming that there exists a solution 𝑢(𝜌, 𝜑) of this
problem, for any fixed 𝜌 < 𝑟 as a function of 𝜑 it can certainly be
expanded in a Fourier series. Therefore, we have:

𝑢(𝜌, 𝜑) = 1
2 𝑎0(𝜌) +

∞
∑
𝑘=1

(𝑎𝑘(𝜌) cos 𝑘𝜑 + 𝑏𝑘(𝜌) sin 𝑘𝜑) (5.3)

with the coefficients 𝑎𝑘(𝜌) and 𝑏𝑘(𝜌) respectively given by:

𝑎𝑘(𝜌) = 1
𝜋 ∫

2𝜋

0
𝑢(𝜌, 𝜉) cos 𝑘𝜉𝑑𝜉, 𝑏𝑘(𝜌) = 1

𝜋 ∫
2𝜋

0
𝑢(𝜌, 𝜉) sin 𝑘𝜉𝑑𝜉 (5.4)
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For the determination of these coefficients there are several methods:
separation of variables, transforms or computation of coefficients by
using identities of trigonometric series. Here we will operate in a “formal”
way which can be verified. Assuming ∀𝜌 < 𝑟 that we can derive twice
by series, substituting (5.3) into (5.2) we get:

1
2 [𝑎″

0(𝜌) + 1
𝜌 𝑎′

0(𝜌)] +
∞

∑
𝑘=1

[𝑎″
𝑘(𝜌) + 1

𝜌 𝑎′
𝑘(𝜌) − 𝑘2

𝜌2 𝑎𝑘(𝜌)] cos 𝑘𝜑

+ [𝑏″
𝑘(𝜌) + 1

𝜌 𝑏′
𝑘(𝜌) − 𝑘2

𝜌2 𝑏𝑘(𝜌)] sin 𝑘𝜑 = 0
(5.5)

a relation that must be verified identically ∀𝜌 < 𝑟, ∀𝜑 ∈ [0, 2𝜋]. For
this to happen, the coefficients of the Fourier series (5.5) must vanish
and therefore we find:

⎧{{{{
⎨{{{{⎩

𝑎″
0(𝜌) + 1

𝜌 𝑎′
0(𝜌) = 0

𝑎″
𝑘(𝜌) + 1

𝜌 𝑎′
𝑘(𝜌) − 𝑘2

𝜌2 𝑎𝑘(𝜌) = 0 (𝑘 = 1, 2, … )

𝑏″
𝑘(𝜌) + 1

𝜌 𝑏′
𝑘(𝜌) − 𝑘2

𝜌2 𝑏𝑘(𝜌) = 0 (𝑘 = 1, 2, … )

These are all equations of the Euler type, with the peculiarity of
claiming regular solutions even for 𝜌 = 0. From:

⎧{{
⎨{{⎩

𝑎0(𝜌) = 𝐴0 + 𝐴∗
0 log 𝜌

𝑎𝑘(𝜌) = 𝐴𝑘𝜌𝑘 + 𝐴∗
𝑘𝜌−𝑘 (𝑘 = 1, 2, … )

𝑏𝑘(𝜌) = 𝐵𝑘𝜌𝑘 + 𝐵∗
𝑘𝜌−𝑘 (𝑘 = 1, 2, … )

it follows that 𝐴∗
0 = 𝐴∗

𝑘 = 𝐵∗
𝑘 = 0, 𝑘 = 1, 2, … ; and lastly that:

𝑎0(𝜌) = 𝐴0, 𝑎𝑘(𝜌) = 𝐴𝑘𝜌𝑘, 𝑏𝑘(𝜌) = 𝐵𝑘𝜌𝑘 (𝑘 = 1, 2, … )

From Equation (5.4) for 𝜌 = 𝑟 (as a consequence of the claimed
regularity) it follows that:
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𝐴0 = 1
𝜋 ∫

2𝜋

0
𝑓(𝜉)𝑑𝜉

𝐴𝑘 = 𝑎𝑘(𝑟)𝑟−𝑘 = 1
𝜋𝑟𝑘 ∫

2𝜋

0
𝑓(𝜉) cos 𝑘𝜉𝑑𝜉 (𝑘 = 1, 2, … )

𝐵𝑘 = 𝑏𝑘(𝑟)𝑟−𝑘 = 1
𝜋𝑟𝑘 ∫

2𝜋

0
𝑓(𝜉) sin 𝑘𝜉𝑑𝜉 (𝑘 = 1, 2, … )

and then:

𝑎0(𝜌) = 1
𝜋 ∫

2𝜋

0
𝑓(𝜉)𝑑𝜉

𝑎𝑘(𝜌) = 1
𝜋 (𝜌

𝑟 )
𝑘

∫
2𝜋

0
𝑓(𝜉) cos 𝑘𝜉𝑑𝜉 (𝑘 = 1, 2, … )

𝑏𝑘(𝜌) = 1
𝜋 (𝜌

𝑟 )
𝑘

∫
2𝜋

0
𝑓(𝜉) sin 𝑘𝜉𝑑𝜉 (𝑘 = 1, 2, … )

We thus formally arrive at the expression of the solution:

𝑢(𝜌, 𝜑) = 1
2𝜋 ∫

2𝜋

0
𝑓(𝜉)𝑑𝜉

+ 1
𝜋

∞
∑
𝑘=1

(𝜌
𝑟 )

𝑘
[∫

2𝜋

0
𝑓(𝜉) cos 𝑘𝜉𝑑𝜉 cos 𝑘𝜑

+ ∫
2𝜋

0
𝑓(𝜉) sin 𝑘𝜉𝑑𝜉 sin 𝑘𝜑]

= 1
2𝜋 ∫

2𝜋

0
𝑓(𝜉)𝑑𝜉 + 1

𝜋
∞

∑
𝑘=1

(𝜌
𝑟 )

𝑘
∫

2𝜋

0
𝑓(𝜉) cos 𝑘(𝜑 − 𝜉)𝑑𝜉

The appropriate checks can be carried out on this expression.
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5.2 The Heat Problem
Let us start with some definitions necessary for the understanding of
what follows.

Gamma and Bessel functions

The Gamma function is the extension of the factorial to non-integer
values of the number 𝑛 ∈ ℕ+. For 𝑥 ≠ −𝑛 it is defined as:

Γ(𝑥) ∶= ∫
+∞

0
𝑒−𝑡 𝑡𝑥−1𝑑𝑡 (𝑥 > 0) (5.6)

In fact, we have:

Γ(1) ∶= 1 , Γ(𝑥 + 1) ∶= 𝑥Γ(𝑥) ⟹ Γ(𝑛 + 1) = 𝑛!

The Bessel functions of the first kind 𝐽𝑛, together with those of the
second kind 𝑌𝑛, are widely used in the solutions of mathematical physics
problems. They can be defined as solutions of the differential equation:

𝑥2𝑦″ + 𝑥𝑦′ + (𝑥2 − 𝑛2) 𝑦 = 0 (5.7)

We get the explicit expression of 𝐽𝑛 in the form:

𝐽𝑛(𝑥) =
∞

∑
𝑘=0

(−1)𝑘 (𝑥/2)2𝑘+𝑛

𝑘! (𝑘 + 𝑛)! (5.8)

which extends to the case of the real values 𝑝 of the index by replacing
the factorial with the Gamma function:

𝐽𝑝(𝑥) =
∞

∑
𝑘=0

(−1)𝑘 (𝑥/2)2𝑘+𝑝

𝑘! Γ(𝑘 + 𝑝 + 1)

One of the well known applications of the Bessel functions [1] is
related to the separation of variables in the partial differential equation
representing the heat equation for a circular plate.

In fact, denoting by 𝐵 a circular domain of radius 𝑟 = 1 centered
at the origin, by 𝜕𝐵 the relevant boundary, by 𝜅 a constant representing
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the known diffusivity and by 𝑓(𝑥, 𝑦) ∈ 𝐶0(𝐵) the initial temperature,
the solution:

𝑢(𝑥, 𝑦, 𝑡) ∈ [𝐶2( ∘
𝐵) × 𝐶1(R+)] ∩ 𝐶0[�̄� × R+]

of the differential problem:

⎧{
⎨{⎩

𝜕𝑢
𝜕𝑡 = 𝜅 (𝜕2𝑢

𝜕𝑥2 + 𝜕2𝑢
𝜕𝑦2 ) in

∘
𝐵

𝑢(𝑥, 𝑦, 𝑡)|(𝑥,𝑦)∈𝜕𝐵 = 0 𝑢 (𝑥, 𝑦, 0) = 𝑓 (𝑥, 𝑦)
(5.9)

putting:

𝑈(𝜌, 𝜃, 𝑡) = 𝑢(𝜌 cos 𝜃, 𝜌 sin 𝜃, 𝑡) , 𝐹 (𝜌, 𝜃) = 𝑓(𝜌 cos 𝜃, 𝜌 sin 𝜃) (5.10)

can be represented by the Fourier expansion in terms of exponential,
circular and Bessel functions:

𝑢(𝑥, 𝑦, 𝑡) = 𝑈(𝜌, 𝜃, 𝑡)

=
∞

∑
𝑚=0

∞
∑
𝑘=1

(𝐴𝑚,𝑘 cos𝑚𝜃 + 𝐵𝑚,𝑘 sin𝑚𝜃)𝐽𝑚 (𝑗(𝑚)
𝑘 𝜌)

× exp [− (𝑗(𝑚)
𝑘 )

2
𝜅𝑡]

(5.11)

where the coefficients 𝐴𝑚,𝑘, 𝐵𝑚,𝑘 are given by:

⎧{{{{{
⎨{{{{{⎩

𝐴0,𝑘 = 1
𝜋 [𝐽1(𝑗(0)

𝑘 )]
2 ∫

1

0
𝜁 [∫

2𝜋

0
𝐹(𝜁, 𝜏) 𝑑𝜏] 𝐽0(𝑗(0)

𝑘 𝜁) 𝑑𝜁

𝐴𝑚,𝑘 = 2
𝜋 [𝐽𝑚+1(𝑗(𝑚)

𝑘 )]
2 ∫

1

0
𝜁 [∫

2𝜋

0
𝐹(𝜁, 𝜏) cos𝑚𝜏 𝑑𝜏] 𝐽𝑚(𝑗(𝑚)

𝑘 𝜁) 𝑑𝜁

𝐵𝑚,𝑘 = 2
𝜋 [𝐽𝑚+1(𝑗(𝑚)

𝑘 )]
2 ∫

1

0
𝜁 [∫

2𝜋

0
𝐹(𝜁, 𝜏) sin𝑚𝜏 𝑑𝜏] 𝐽𝑚(𝑗(𝑚)

𝑘 𝜁) 𝑑𝜁

(5.12)

and 𝑗(𝑚)
𝑘 denote the zeros of the Bessel function 𝐽𝑚.
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5.3 The Wave Problem
Another well known application of the Bessel functions [1] is related
to the separation of variables in the partial differential equation
representing the free vibrations of a circular membrane (drumhead).
Denoting by 𝐵 a circular domain of radius 𝑟 = 1 centered at the
origin, by 𝜕𝐵 the relevant boundary, by 𝑎 = √𝜏/𝜇 a suitable constant
(where 𝜏 denotes the tension and 𝜇 the density) and by 𝑓(𝑥, 𝑦) ∈ 𝐶0(𝐵)
the initial displacement, the solution 𝑢 ∈ 𝐶2(𝐵 − 𝜕𝐵) ∩ 𝐶0(�̄�) of the
differential problem:

⎧{
⎨{⎩

𝜕2𝑢
𝜕𝑡2 = 𝑎2 (𝜕2𝑢

𝜕𝑥2 + 𝜕2𝑢
𝜕𝑦2 ) in

∘
𝐵

𝑢(𝑥, 𝑦, 𝑡)|(𝑥,𝑦)∈𝜕𝐵 = 0 𝑢(𝑥, 𝑦, 0) = 𝑓(𝑥, 𝑦) , 𝑢𝑡(𝑥, 𝑦, 0) = 0
(5.13)

putting:

𝑈(𝜌, 𝜃) = 𝑢(𝜌 cos 𝜃, 𝜌 sin 𝜃) , 𝐹 (𝜌, 𝜃) = 𝑓(𝜌 cos 𝜃, 𝜌 sin 𝜃) (5.14)

can be represented by the Fourier expansion in terms of Bessel functions:

𝑈(𝜌, 𝜃, 𝑡) =
∞

∑
𝑚=0

∞
∑
𝑘=1

𝐽𝑚 (𝑗(𝑚)
𝑘 𝜌) cos (𝑗(𝑚)

𝑘 𝑎𝑡)

× (𝐴𝑚,𝑘 cos𝑚𝜃 + 𝐵𝑚,𝑘 sin𝑚𝜃) (5.15)

where the coefficients 𝐴𝑚,𝑘, 𝐵𝑚,𝑘 are given by:

𝐴𝑚,𝑘 =

⎧{{{{
⎨{{{{⎩

2
𝜋 [𝐽𝑚+1(𝑗(𝑚)

𝑘 )]
2 ∫

1

0
∫

2𝜋

0
𝜌𝐹(𝜌, 𝜃)𝐽𝑚 (𝑗(𝑚)

𝑘 𝜌) cos𝑚𝜃 𝑑𝜃𝑑𝜌

(𝑚 = 1, 2, … )

1
𝜋 [𝐽1(𝑗(0)

𝑘 )]
2 ∫

1

0
∫

2𝜋

0
𝜌𝐹(𝜌, 𝜃)𝐽0 (𝑗(0)

𝑘 𝜌) 𝑑𝜃𝑑𝜌 (𝑚 = 0)



5.3 The Wave Problem 27

𝐵𝑚,𝑘 = 2
𝜋 [𝐽𝑚+1(𝑗(𝑚)

𝑘 )]
2 ∫

1

0
∫

2𝜋

0
𝜌𝐹(𝜌, 𝜃)𝐽𝑚 (𝑗(𝑚)

𝑘 𝜌) sin𝑚𝜃 𝑑𝜃𝑑𝜌

(𝑚 = 1, 2, … ) (5.16)

and 𝑗(𝑚)
𝑘 denote the zeros of the Bessel function 𝐽𝑚.

Moreover, the eigenvalues of a vibrating circular membrane are related
to the zeros of the Bessel functions, since the relevant elementary
frequencies are given by:

𝑓𝑚,𝑘 = 𝑗(𝑚)
𝑘 𝑎
2𝜋 (𝑚 = 0, 1, … ; 𝑘 = 1, 2, … )
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Chapter 6. Orthogonal Polynomials

In Hilbertian spaces 𝐿2
𝑤(𝑎, 𝑏), the introduction of a basis of orthogonal

polynomials {𝑃𝑛(𝑥)} allows one to obtain, in a constructive way, the
so-called best approximation of the functions 𝑓(𝑥) of the space by a
finite linear combination of polynomials of the basis. By minimizing
the deviation max𝑥∈(𝑎,𝑏) ||𝑓(𝑥) − ∑𝑁

𝑘=0 𝑎𝑘𝑃𝑘(𝑥)|| = 𝑚𝑖𝑛, a remarkable
extension of the classical least squares method, which goes back to Carl
Friedrich Gauss, is obtained.

6.1 General Properties of
Orthogonal Polynomials

In this section, we give the simplest properties of the orthogonal
polynomials with respect to a weight 𝑤. For a more in-depth study
of the subject one can consult the classic texts.

Denoting by 𝑘𝑛 the leading coefficient of the 𝑛th polynomial 𝑃𝑛(𝑥) and
putting, as usual:

h𝑘 = ||𝑃𝑘(𝑥)||2 = ∫
𝑏

𝑎
𝑃 2

𝑘 (𝑥)𝑤(𝑥)𝑑𝑥 (6.1)

we begin by noting that given the weight 𝑤 and the interval [𝑎, 𝑏]
the orthogonal polynomials are each determined up to a multiplicative
constant (which can be arranged to make the system orthonormal).

Recurrence relation

Three consecutive orthogonal polynomial system polynomials,
associated with weight 𝑤 on the interval (𝑎, 𝑏), are related by the
following recurrence relation:

𝑃𝑛(𝑥) = (𝐴𝑛𝑥 + 𝐵𝑛)𝑃𝑛−1(𝑥) − 𝐶𝑛𝑃𝑛−2(𝑥) (𝑛 = 2, 3, ...) (6.2)
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where 𝐴𝑛, 𝐵𝑛, 𝐶𝑛 are constants such that ∀𝑛, 𝐴𝑛 ≠ 0 and 𝐶𝑛 > 0.

Furthermore, we have:

⎧{{
⎨{{⎩

𝐴𝑛 = 𝑘𝑛
𝑘𝑛−1

, 𝐶𝑛 = 𝐴𝑛 h𝑛−1
𝐴𝑛−1 h𝑛−2

𝐵𝑛 = 𝐴𝑛 (𝑘′
𝑛

𝑘𝑛
− 𝑘′

𝑛−1
𝑘𝑛−1

)
(6.3)

Christoffel-Darboux identity

For orthogonal polynomials, associated with the weight 𝑤 on [𝑎, 𝑏], the
following Christoffel-Darboux identity holds:

1
h0

𝑃0(𝑦)𝑃0(𝑥) + 1
h1

𝑃1(𝑦)𝑃1(𝑥) + ⋯ + 1
h𝑛

𝑃𝑛(𝑦)𝑃𝑛(𝑥)

= 1
h𝑛

𝑘𝑛
𝑘𝑛+1

𝑃𝑛+1(𝑦)𝑃𝑛(𝑥) − 𝑃𝑛+1(𝑥)𝑃𝑛(𝑦)
𝑦 − 𝑥

(6.4)

Location of zeros

∀𝑛, the zeros 𝑥1, 𝑥2, … , 𝑥𝑛 of the polynomial 𝑃𝑛, belonging to the set
of polynomials orthogonal in [𝑎, 𝑏] with respect to the weight 𝑤, are all
real, distinct and internal to the interval [𝑎, 𝑏].

Separation of zeros

Two consecutive orthogonal polynomials 𝑃𝑛(𝑥) and 𝑃𝑛+1(𝑥) of the set
of orthogonal polynomials in (𝑎, 𝑏) with respect to an assigned weight
𝑤 have no common zeros.

Moreover, there exists the so-called theorem of separation of zeros.
Denoting by 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛+1 the zeros of the polynomial 𝑃𝑛+1(𝑥),
belonging to the set of polynomials orthogonal in (𝑎, 𝑏) with respect to
the weight 𝑤, in each of the open intervals (𝑥𝑘, 𝑥𝑘+1) (𝑘 = 1, 2, ..., 𝑛)
exactly one zero of 𝑃𝑛(𝑥) falls.
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6.2 The Classical Orthogonal Polynomials
The orthogonal polynomials that are most frequently encountered in
applications are those called classical orthogonal polynomials, which
are solutions of a differential equation of the hypergeometric type (see
[75]), that is, of the type:

𝜎(𝑥)𝑦″ + 𝜏(𝑥)𝑦′ + 𝜆𝑛𝑦 = 0 (6.5)

where 𝜎(𝑥) is a polynomial of degree not greater than 2, 𝜏(𝑥) is a
polynomial of degree not greater than 1 and 𝜆𝑛 denotes a constant
which is related to the other coefficients by the equation:

𝜆𝑛 = −𝑛𝜏 ′(𝑥) − 𝑛(𝑛 − 1)
2 𝜎″(𝑥) (6.6)

These polynomials, disregarding inessential linear changes in the
independent variable, can be reduced to the following:

(I) Jacobi polynomials: 𝑃 (𝛼,𝛽)
𝑛 (𝑥) (𝛼 > −1, 𝛽 > −1) orthogonal in

(−1, 1) with respect to the weight:

𝑤(𝑥) = (1 − 𝑥)𝛼(1 + 𝑥)𝛽

(II) Laguerre polynomials: 𝐿(𝛼)
𝑛 (𝑥) (𝛼 > −1) orthogonal in (0, +∞)

with respect to the weight:

𝑤(𝑥) = 𝑥𝛼𝑒−𝑥

(III) Hermite polynomials: 𝐻𝑛(𝑥) orthogonal in (−∞, +∞) with
respect to the weight:

𝑤(𝑥) = 𝑒−𝑥2

All of the above systems of polynomials constitute complete systems in
the respective spaces 𝐿2

𝑤. The main reason why the above orthogonal
polynomials are frequently used in applications is the possibility to
obtain a lot of information from them, as a consequence of the fact that
they verify the properties listed below (we remind that these properties
characterize the sets of classical orthogonal polynomials, see e.g. [31]
pp. 150 and after):
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(A) The weight 𝑤(𝑥) of the classical orthogonal polynomials satisfies
the following Pearson differential equation:

𝑤′(𝑥)
𝑤(𝑥) = 𝐷 + 𝐸𝑥

𝐴 + 𝐵𝑥 + 𝐶𝑥2 (𝐴, 𝐵, 𝐶, 𝐷, 𝐸 = constants) (6.7)

(B) Classical orthogonal polynomials satisfy the following generalized
Rodrigues’ formula:

𝑃𝑛(𝑥) = 1
𝐾𝑛𝑤(𝑥)

𝑑𝑛

𝑑𝑥𝑛 ([𝐴 + 𝐵𝑥 + 𝐶𝑥2]𝑛 𝑤(𝑥)) (6.8)

with 𝐾𝑛 being a normalization constant which can be chosen
arbitrarily and which in the following is chosen in order to respect
the traditional standardization. In all cases (I), (II) and (III) it
is verified that:

𝑑𝑘

𝑑𝑥𝑘 ([𝐴 + 𝐵𝑥 + 𝐶𝑥2]𝑛 𝑤(𝑥)) ∀𝑘 = 0, 1, … , 𝑛 (6.9)

vanishes at the extremes of the interval under consideration. So
it is possible to prove the orthogonality of 𝑃𝑛(𝑥) with respect to
each power 𝑥𝑘 (where 𝑘 = 0, 1, … , 𝑛−1) representing 𝑃𝑛(𝑥) with
the generalized Rodrigues’ formula and performing successive
integrations by parts. The classical orthogonal polynomials
satisfy the hypergeometric differential equation (6.5) which can
be rewritten in the form:

(𝐴 + 𝐵𝑥 + 𝐶𝑥2) 𝑦″ + [𝐵 + 𝐷 + (2𝐶 + 𝐸)𝑥]𝑦′

−𝑛[(𝑛 + 1)𝐶 + 𝐸]𝑦 = 0 (6.10)

In what follows, we limit ourselves to consider only the Chebyshev
polynomials.

6.3 Chebyshev Polynomials
Starting from the identity (𝑒𝑖𝑡)𝑛 = 𝑒𝑖 𝑛𝑡, by using Euler’s formula:

(cos 𝑡 + 𝑖 sin 𝑡)𝑛 = cos(𝑛𝑡) + 𝑖 sin(𝑛𝑡) (6.11)
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and expanding the first member with Newton’s binomial formula,
we get:

𝑛
∑
𝑘=0

𝑖𝑘 (𝑛
𝑘) cos𝑛−𝑘 𝑡 sin𝑘 𝑡

=
[ 𝑛

2 ]
∑
ℎ=0

(−1)ℎ ( 𝑛
2ℎ) cos𝑛−2ℎ 𝑡 sin2ℎ 𝑡

+ 𝑖
[ 𝑛−1

2 ]
∑
ℎ=0

(−1)ℎ ( 𝑛
2ℎ + 1) cos𝑛−2ℎ−1 𝑡 sin2ℎ+1 𝑡

=
[ 𝑛

2 ]
∑
ℎ=0

(−1)ℎ ( 𝑛
2ℎ) cos𝑛−2ℎ 𝑡 (1 − cos2 𝑡)ℎ

+ 𝑖 sin 𝑡
[ 𝑛−1

2 ]
∑
ℎ=0

(−1)ℎ ( 𝑛
2ℎ + 1) cos𝑛−2ℎ−1 𝑡 (1 − cos2 𝑡)ℎ

(6.12)

Comparing Equations (6.11) and (6.12) we find:

cos(𝑛𝑡) =
[ 𝑛

2 ]
∑
ℎ=0

(−1)ℎ ( 𝑛
2ℎ) cos𝑛−2ℎ 𝑡 (1 − cos2 𝑡)ℎ (6.13)

sin(𝑛𝑡)
sin 𝑡 =

[ 𝑛−1
2 ]

∑
ℎ=0

(−1)ℎ ( 𝑛
2ℎ + 1) cos𝑛−2ℎ−1 𝑡 (1 − cos2 𝑡)ℎ (6.14)

Putting 𝑥 = cos 𝑡 in (6.13) and (6.14), we obtain two polynomials in
𝑥 of degrees 𝑛 and 𝑛 − 1 which are called, respectively, Chebyshev
polynomials (CP in short) of the first and second kind:

𝑇𝑛(𝑥) ∶= cos(𝑛 arccos𝑥) =
[ 𝑛

2 ]
∑
ℎ=0

(−1)ℎ ( 𝑛
2ℎ) 𝑥𝑛−2ℎ(1 − 𝑥2)ℎ

𝑈𝑛−1(𝑥) ∶= sin(𝑛 arccos𝑥)
sin(arccos𝑥) =

[ 𝑛−1
2 ]

∑
ℎ=0

(−1)ℎ ( 𝑛
2ℎ + 1) 𝑥𝑛−2ℎ−1(1 − 𝑥2)ℎ
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Such polynomials enjoy many important properties [71, 84] of which we
recall the most simple ones.

6.3.1 First Kind and Second Kind
Chebyshev Polynomials

Main properties of the first kind CP

The trigonometric identity:

cos((𝑛 + 1)𝑡) + cos((𝑛 − 1)𝑡) = 2 cos 𝑡 cos(𝑛𝑡)

gives the recursion:

𝑇𝑛+1(𝑥) = 2𝑥𝑇𝑛(𝑥) − 𝑇𝑛−1(𝑥)

from which, by using the initial values 𝑇0(𝑥) = 1 and 𝑇1(𝑥) = 𝑥, the
subsequent polynomials easily follow:

𝑇2(𝑥) = 2𝑥2 − 1
𝑇3(𝑥) = 4𝑥3 − 3𝑥
𝑇4(𝑥) = 8𝑥4 − 8𝑥2 + 1
𝑇5(𝑥) = 16𝑥5 − 20𝑥3 + 5𝑥
𝑇6(𝑥) = 32𝑥6 − 48𝑥4 + 18𝑥2 − 1
𝑇7(𝑥) = 64𝑥7 − 112𝑥5 + 56𝑥3 − 7𝑥
𝑇8(𝑥) = 128𝑥8 − 256𝑥6 + 160𝑥4 − 32𝑥2 + 1
…

Note that:

• The leading coefficient of 𝑇𝑛(𝑥) is 2𝑛−1.
• When 𝑛 = 2𝑚 (𝑚 ∈ ℕ), 𝑇2𝑚(𝑥) is an even function of 𝑥, while

𝑇2𝑚+1(𝑥) is an odd function of 𝑥.
• ∀ 𝑛 ∈ ℕ, 𝑇𝑛(1) = 1 and 𝑇𝑛(−1) = (−1)𝑛.
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From the equation:

∫
𝜋

0
cos(𝑛𝑡) cos(𝑚𝑡) 𝑑𝑡 = 0 (if 𝑚 ≠ 𝑛)

by the change of variable 𝑡 = arccos𝑥, we find the orthogonality
property in [−1, 1] with respect to the weight function (1 − 𝑥2)−1/2:

∫
1

−1

𝑇𝑛(𝑥)𝑇𝑚(𝑥)√
1 − 𝑥2 𝑑𝑥 = 0 (if 𝑚 ≠ 𝑛)

Furthermore, it follows that:

∫
1

−1

1√
1 − 𝑥2 𝑑𝑥 = 𝜋

∫
1

−1

𝑇 2
𝑛(𝑥)√
1 − 𝑥2 𝑑𝑥 = ∫

𝜋

0
cos2(𝑛𝑡) 𝑑𝑡 = 𝜋

2 (𝑛 ∈ N)

All the 𝑛 zeros of 𝑇𝑛(𝑥) are real, simple and internal to [−1, 1]. More
precisely, they are given by:

𝑥𝑘 = cos((2𝑘 + 1)
𝑛

𝜋
2 ) (𝑘 = 0, 1, … , 𝑛 − 1)

In fact, it follows that:

|𝑇𝑛(𝑥𝑘)| = | cos(𝑛 arccos𝑥𝑘)| = ∣cos((2𝑘 + 1)𝜋
2 )∣ = 0

Main properties of the second kind CP

Similarly, the properties of the second kind Chebyshev polynomials can
be obtained, but we limit ourselves to list them here. They verify the
same recursion as the 𝑇𝑛(𝑥):

𝑈𝑛+1(𝑥) = 2𝑥𝑈𝑛(𝑥) − 𝑈𝑛−1(𝑥)

with the initial conditions 𝑈0(𝑥) = 1 and 𝑈1(𝑥) = 2𝑥. Therefore, the
first few of them are:
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𝑈2(𝑥) = 4𝑥2 − 1
𝑈3(𝑥) = 8𝑥3 − 4𝑥
𝑈4(𝑥) = 16𝑥4 − 12𝑥2 + 1
𝑈5(𝑥) = 32𝑥5 − 32𝑥3 + 6𝑥
𝑈6(𝑥) = 64𝑥6 − 80𝑥4 − 24𝑥2 − 1
𝑈7(𝑥) = 128𝑥7 − 192𝑥5 + 80𝑥3 − 8𝑥
𝑈8(𝑥) = 256𝑥8 − 448𝑥6 + 240𝑥4 − 40𝑥2 + 1
…

The second kind Chebyshev polynomials play an important role in
representing the powers of a 2×2 non-singular matrix [76, 81]. Extension
of this polynomial family to the multivariate case has been considered
for representing the powers of an 𝑟 × 𝑟 (𝑟 ≥ 3) non-singular matrix (see
[80, 81]).

Remark 1. Chebyshev polynomials are a particular case of the Jacobi
polynomials 𝑃 (𝛼,𝛽)

𝑛 (𝑥), which are orthogonal in the interval [−1, 1] with
respect to the weight (1 − 𝑥)𝛼(1 + 𝑥)𝛽, since:

𝑇𝑛(𝑥) = 𝑃 (−1/2,−1/2)
𝑛 (𝑥) , 𝑈𝑛(𝑥) = 𝑃 (1/2,1/2)

𝑛 (𝑥)

Therefore, properties of the Chebyshev polynomials could be deduced
in a more general framework of the hypergeometric functions.

6.3.2 Third Kind and Fourth Kind
Chebyshev Polynomials

In connection with interpolation and quadrature problems, another
couple of Chebyshev polynomials have been considered. They
correspond to different choices of weights:

𝑉𝑛(𝑥) = 𝑃 (1/2,−1/2)
𝑛 (𝑥), 𝑊𝑛(𝑥) = 𝑃 (−1/2,1/2)

𝑛 (𝑥)
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These were called the third and fourth kind Chebyshev polynomials by
Walter Gautschi [38].

The third and fourth kind Chebyshev polynomials are defined in [−1, 1]
as follows:

𝑉𝑛(𝑥) = cos[(𝑛 + 1/2) arccos𝑥]
cos[(arccos𝑥)/2]

𝑊𝑛(𝑥) = sin[(𝑛 + 1/2) arccos𝑥]
sin[(arccos𝑥)/2]

Since 𝑊𝑛(𝑥) = (−1)𝑛𝑉𝑛(−𝑥), the third kind Chebyshev polynomials
transform into those of the fourth kind by interchanging the ends of
the interval [−1, 1] and so they are not essentially different from each
other.

6.4 Non-Trigonometric Fourier Series
Taking up the case of the expansions of a function 𝑓(𝑥) in (𝑎, 𝑏) by
means of the uniformly convergent series:

𝑓(𝑥) = 𝑓0𝑢0(𝑥) + 𝑓1𝑢1(𝑥) + ⋯ + 𝑓𝑛𝑢𝑛(𝑥) + ⋯

whose Fourier coefficients are:

𝑓𝑘 = (𝑓, 𝑢𝑘)𝑤 = ∫
𝑏

𝑎
𝑓(𝑥)𝑢𝑘(𝑥)𝑤(𝑥)𝑑𝑥

it is worth to note that the Bessel inequality always holds, that is:

𝑓2
0 + 𝑓2

1 + ⋯ + 𝑓2
𝑛 + ⋯ =

∞
∑
𝑘=0

𝑓2
𝑘 ≤ ‖𝑓‖𝑤 = ∫

𝑏

𝑎
𝑓(𝑥)𝑤(𝑥)𝑑𝑥

Moreover, if the system of the 𝑢𝑘(𝑥) functions is complete, then the
extension to the 𝐿2

𝑤 space of the Pythagorean theorem, which is known
as the Parseval equality, holds:

∞
∑
𝑘=0

𝑓2
𝑘 = ‖𝑓‖𝑤 = ∫

𝑏

𝑎
𝑓(𝑥)𝑤(𝑥)𝑑𝑥
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If the system used is not complete, the convergence in quadratic mean
does not occur towards the function 𝑓(𝑥), but towards the projection
of the function 𝑓(𝑥) on the linear manifold generated by the linear
combinations of the functions of the system being used.
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Chapter 7. Grandi (Rhodonea) Curves

The curves with polar equation 𝜌 = cos(𝑛𝜃) (0 ≤ 𝜃 ≤ 2𝜋) are also
known as Grandi’s roses, in honor of Guido Grandi who communicated
his discovery to Gottfried Wilhelm Leibniz in 1713. Curves with polar
equation 𝜌 = sin(𝑛𝜃) (0 ≤ 𝜃 ≤ 2𝜋) are equivalent to the preceding ones,
up to a rotation of 𝜋/(2𝑛) radians.

As can be seen in Figure 10, Grandi’s roses display 𝑛 petals if 𝑛 is
odd and 2𝑛 petals if 𝑛 is even. By using these polar equations it is
impossible to obtain roses with 4𝑛+2 (𝑛 ∈ N∪{0}) petals. Roses with
4𝑛 + 2 petals can be obtained by using the Bernoulli Lemniscate and
its extensions. More precisely:

• The trigonometric function 𝑦 =
√
cos 2𝑥 (−𝜋

4 + 𝑘𝜋 ≤ 𝑥 ≤ 𝜋
4 + 𝑘𝜋)

becomes the so-called Bernoulli Lemniscate
𝜌 = cos1/2(2𝜃) (−𝜋

4 + 𝑘𝜋 ≤ 𝜃 ≤ 𝜋
4 + 𝑘𝜋) (𝑘 ∈ N) that is a rose

with two petals (Figure 11).
• The functions 𝑦 = √cos(4𝑛 + 2)𝑥 (𝑛 > 1) (− 𝜋

4(2𝑛+1) + 𝑘𝜋
2𝑛+1 ≤ 𝑥 ≤

𝜋
4(2𝑛+1) + 𝑘𝜋

2𝑛+1) become the polar equations 𝜌 = cos1/2[(4𝑛 + 2)𝜃]
(− 𝜋

4(2𝑛+1) + 𝑘𝜋
2𝑛+1 ≤ 𝜃 ≤ 𝜋

4(2𝑛+1) + 𝑘𝜋
2𝑛+1) (𝑘 ∈ N) which give roses

with 4𝑛 + 2 petals.

Figure 10. Rhodonea cos(2𝜃) and cos(5𝜃).
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A few graphs of Rhodonea curves with fractional indices are shown in
Figures 12–14.

Figure 11. Bernoulli Lemniscate.

Figure 12. Rhodonea cos (𝑝
𝑞 𝜃).
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Figure 13. Rhodonea cos (1
4 𝜃) and cos (5

4 𝜃).

Figure 14. Rhodonea cos (1
8 𝜃) and cos (3

8 𝜃).
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Chapter 8. Pseudo-Chebyshev Functions

Starting from the rhodonea curves of integer indices, passing from polar
to Cartesian coordinates, we find the connection with the first kind
Chebyshev polynomials. However, the rhodoneas exist even in the case
of fractional indices. This led to the idea of the existence of an analytic
theory that extends these polynomials to the case of fractional indices.
In this way, we obtain mathematical entities which, although no longer
polynomials, continue to verify some of the properties of the above-
mentioned Chebyshev polynomials and were therefore called pseudo-
Chebyshev functions (PCF in short) of the first kind.

We start by considering the pseudo-Chebyshev functions of the first
and second kind, which are an extension of these kind of Chebyshev
polynomials to the case of fractional indices. We put by definition:

𝑇𝑝
𝑞
(𝑥) = cos(𝑝

𝑞 arccos(𝑥)) (8.1)

√
1 − 𝑥2 𝑈𝑝

𝑞
(𝑥) = sin(𝑝

𝑞 arccos(𝑥)) (8.2)

where 𝑝 and 𝑞 are integers and 𝑞 ≠ 0. Note that Definitions (8.1) and
(8.2) hold even for negative indices, that is for 𝑝/𝑞 < 0, according to
the parity properties of the trigonometric functions.

Note that these functions arise naturally, extending to the fractional
indices the corresponding polynomials of the first and second kind.

8.1 Basic Properties of the First and Second
Kind PCF

We recall here only a few properties of these functions, but many others
have been proven in several recent articles [6, 23, 24, 77, 82]. The
following theorems hold:
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Theorem 8.1. The pseudo-Chebyshev functions 𝑇𝑝
𝑞
(𝑥) satisfy the

recurrence relation:

𝑇𝑝
𝑞 +1(𝑥) = 2 𝑥 𝑇𝑝

𝑞
(𝑥) − 𝑇𝑝

𝑞 −1(𝑥) (8.3)

Proof. Write Equation (8.3) in the form:

𝑇𝑝
𝑞 +1(𝑥) + 𝑇𝑝

𝑞 −1(𝑥) = 2 𝑥 𝑇𝑝
𝑞
(𝑥)

Then use Definition (8.1) and the trigonometric identity:

cos𝛼 + cos𝛽 = 2 cos(𝛼 + 𝛽
2 ) cos(𝛼 − 𝛽

2 )

Theorem 8.2. The pseudo-Chebyshev functions 𝑈𝑝
𝑞
(𝑥) satisfy the

recurrence relation:

𝑈𝑝
𝑞 +1(𝑥) = 2 𝑥 𝑈𝑝

𝑞
(𝑥) − 𝑈𝑝

𝑞 −1(𝑥) (8.4)

Proof. Write Equation (8.4) in the form:

𝑈𝑝
𝑞 +1(𝑥) + 𝑈𝑝

𝑞 −1(𝑥) = 2 𝑥 𝑈𝑝
𝑞
(𝑥)

Then use Definition (8.2) and the trigonometric identity:

sin𝛼 + sin𝛽 = 2 sin(𝛼 + 𝛽
2 ) cos(𝛼 − 𝛽

2 )

8.2 The Case of Half-Integer Degree
We now consider the case of the half-integer degree, which seems to
be the most interesting one, since the resulting pseudo-Chebyshev
functions satisfy the orthogonality properties in the interval (−1, 1)
with respect to the same weights of the corresponding Chebyshev
polynomials [24].
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Definition. For any integer 𝑘:

𝑇𝑘+ 1
2
(𝑥) = cos((𝑘 + 1

2) arccos(𝑥))

√
1 − 𝑥2 𝑈𝑘− 1

2
(𝑥) = sin((𝑘 + 1

2) arccos(𝑥))

√
1 − 𝑥2 𝑉𝑘+ 1

2
(𝑥) = cos((𝑘 + 1

2) arccos(𝑥))

𝑊𝑘+ 1
2
(𝑥) = sin((𝑘 + 1

2) arccos(𝑥))

(8.5)

Note that the above definition holds even for 𝑘 + 1/2 < 0, taking into
account the parity properties of the circular functions. We will show
that, in the case of half-integer degree, the pseudo-Chebyshev functions
satisfy not only the recursion analogues to the classical ones, but even
the orthogonality properties.

8.2.1 Orthogonality of the First and Second
Kind PCF

A few graphs of the 𝑇𝑘+ 1
2
functions are shown in Figure 15.

Theorem 8.3. The pseudo-Chebyshev functions 𝑇𝑘+1/2(𝑥) satisfy the
orthogonality property:

∫
1

−1
𝑇ℎ+ 1

2
(𝑥) 𝑇𝑘+ 1

2
(𝑥) 1√

1 − 𝑥2 𝑑𝑥 = 0 (ℎ ≠ 𝑘) (8.6)

where ℎ, 𝑘 are integers,

∫
1

−1
𝑇 2

𝑘+ 1
2
(𝑥) 1√

1 − 𝑥2 𝑑𝑥 = 𝜋
2 (8.7)

A few graphs of the 𝑈𝑘+ 1
2
functions are shown in Figure 16.
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Figure 15. 𝑇𝑘+1/2(𝑥), 𝑘 = 1 (green), 2 (red), 3 (blue), 4 (orange).

Figure 16. 𝑈𝑘+1/2(𝑥), 𝑘 = 1 (green), 2 (red), 3 (blue), 4 (orange).
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Theorem 8.4. The pseudo-Chebyshev functions 𝑈𝑘+ 1
2
(𝑥) satisfy the

orthogonality property:

∫
1

−1
𝑈ℎ+ 1

2
(𝑥) 𝑈𝑘+ 1

2
(𝑥)

√
1 − 𝑥2 𝑑𝑥 = 0 (ℎ ≠ 𝑘) (8.8)

where ℎ, 𝑘 are integers,

∫
1

−1
𝑈2

𝑘+ 1
2
(𝑥)

√
1 − 𝑥2 𝑑𝑥 = 𝜋

2 (8.9)

Proof. We prove only Theorem 8.3 since the proof of Theorem 8.4 is
similar. From the Werner formulas, we have:

∫
1

−1
cos[(ℎ + 1

2) arccos(𝑥)] cos[(𝑘 + 1
2) arccos(𝑥)] 1√

1 − 𝑥2 𝑑𝑥

= 2 ∫
𝜋/2

0
cos[(2ℎ + 1)𝑡] cos[(2𝑘 + 1)𝑡] 𝑑𝑡 = 0

and

∫
1

−1
cos2[(𝑘 + 1

2) arccos(𝑥)] 1√
1 − 𝑥2 𝑑𝑥 = 2 ∫

𝜋/2

0
cos2((2𝑘 + 1)𝑡) 𝑑𝑡 = 𝜋

2

8.3 Basic Properties of the Third and Fourth
Kind PCF

The third kind pseudo-Chebyshev functions (Figure 17) satisfy the
recurrence relation:

⎧{
⎨{⎩

𝑉𝑘+ 1
2
(𝑥) = 2 𝑥 𝑉𝑘− 1

2
(𝑥) − 𝑉𝑘− 3

2
(𝑥)

𝑉± 1
2
(𝑥) = 1

√2 (1−𝑥)
(8.10)
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Figure 17. 𝑉𝑘+1/2(𝑥), 𝑘 = 1 (grey), 2 (red), 3 (blue), 4 (orange),
5 (violet).

Figure 18. 𝑊𝑘+1/2(𝑥), 𝑘 = 1 (green), 2 (red), 3 (blue), 4 (orange),
5 (violet).
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The orthogonality property holds:

∫
1

−1
𝑉ℎ+ 1

2
(𝑥) 𝑉𝑘+ 1

2
(𝑥)

√
1 − 𝑥2 𝑑𝑥 = 0 (ℎ ≠ 𝑘) (8.11)

∫
1

−1
𝑉 2

𝑘+ 1
2
(𝑥)

√
1 − 𝑥2 𝑑𝑥 = 𝜋

2 (8.12)

The fourth kind pseudo-Chebyshev functions (Figure 18) satisfy the
recurrence relation:

⎧{
⎨{⎩

𝑊𝑘+ 1
2
(𝑥) = 2 𝑥 𝑊𝑘− 1

2
(𝑥) − 𝑊𝑘− 3

2
(𝑥)

𝑊± 1
2
(𝑥) = ±√1−𝑥

2
(8.13)

The orthogonality property holds:

∫
1

−1
𝑊ℎ+ 1

2
(𝑥) 𝑊𝑘+ 1

2
(𝑥) 1√

1 − 𝑥2 𝑑𝑥 = 0 (ℎ ≠ 𝑘) (8.14)

and furthermore:

∫
1

−1
𝑊 2

𝑘+ 1
2
(𝑥) 1√

1 − 𝑥2 𝑑𝑥 = 𝜋
2 (8.15)

Remark 2. More technical properties such as the hypergeometric
representations [93], location of zeros, differential equations, Rodrigues-
type formulas, etc. are reported in [23].





PART II

“While algebra and analysis provide the foundations of mathematics,
geometry is at the core”1

S.-S. Chern

1Chern, S.-S. Introduction. As cited in: F. Dillen & L. Verstraelen (eds.), Handbook
of Differential Geometry, Vol. 1. Elsevier, Amsterdam, Netherlands, 2000.
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Chapter 9. From Lamé Curves to
Gielis Transformations

9.1 Riemann’s Geometric Ideas
In the mid-19th century geometry went multidimensional when
Riemann defined analytically 𝑛-fold extended manifolds, where each
point can be described by an 𝑛-tuple of numbers (their coordinates).
Following Gauss’ work on surfaces embedded in 𝐸3 he also used systems
of local coordinates, as a relevant extension of the geometry of surfaces
in Euclidean space 𝐸3 based on the Pythagorean theorem [61]. In his
famous memoir, Riemann explicitly mentioned the geometric tangent
2 − 𝐷 indicatrix of fourth order 𝑥4 + 𝑦4 = 1 as an extension of the
Euclidean circle 𝑥2 + 𝑦2 = 1. He thus conceived of distance metrics
(9.1) [47]:

𝑑𝑠 = {
𝑛

∑
𝑖=1

(𝑑𝑥𝑖)𝑝}
1/𝑝

(9.1)

With the Euclidean distance for 𝑝 = 2, this forms a bridge between
classical Euclidean geometry and Riemannian geometry (with a
“quadratic” distance form based on Pythagoras) on the one hand, and
Finsler geometry (“without the quadratic restriction”) and metric spaces
(“with the 𝑚-th root metric”) on the other [30]. In the infinitesimal form
(9.1) the simplest so-called Riemann-Finsler geometries are defined [47].
These also find applications beyond geometry. For example, in the early
1990s P.L. Antonelli proposed a Lamé metric in ecology [2]:

𝑑𝑠 = 𝑒𝜑(𝑥)[(𝑑𝑥1)𝑛 + (𝑑𝑥2)𝑛]1/𝑛 (9.2)

Equation (9.1) can account for any number of dimensions, for example,
defining Minkowski distances in 𝐿𝑝 spaces [83]:

||𝑥||𝑝 = (|𝑥1|𝑝 + |𝑥2|𝑝 + ⋯ + |𝑥𝑛|𝑝)1/𝑝 (9.3)
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These types of equations are systematically discussed for the first time
in a booklet Examen des Différentes Méthodes Employées pour Résoudre
les Problèmes de Géométrie, published in 1818 by Gabriel Lamé [66]:

𝑥𝑛 + 𝑦𝑛 = 𝑅𝑛; 𝑥𝑛 + 𝑦𝑛 = 1 (9.4)

These equations describe the so-called one-parameter Lamé curves
(Figure 19). Since a circle is defined in a plane by a total of three
numbers (the coordinates of its center and its radius), the totality of
all circles in the plane is a 3-dimensional manifold. The totality of all
ellipses in the plane is a 5-dimensional manifold with the major and
minor axes and orientation of the ellipses [61].

However, all Lamé curves defined by (9.4), which includes all circles, all
squares (the inscribed squares for 𝑛 = 1 and the circumscribing squares
for 𝑛 → ∞), all astroids (for 𝑛 = 2/3), as well as all supercircles for any
𝑛 > 0 (Equation 9.5a), still constitute only a 4-dimensional manifold, or
a 5-dimensional manifold for superellipses (Equation 9.5b). Gielis curves
are a relevant extension of Lamé curves adding a few more parameters.
These curves and transformations provide for a unified description of
natural shapes [47]. In Part IV many examples are shown.

Figure 19. Left: Lamé curves for odd and even exponent values [53].
Right: supercircles, also for 𝑛 < 2.



9.2 Lamé Curves and Superellipses 55

9.2 Lamé Curves and Superellipses
In a Cartesian (𝑥, 𝑦) system, Equation (9.4) (with 𝑛 a positive integer
which Lamé assumed > 1) defines the so-called Lamé curves with base
radius 𝑅. For even 𝑛, the curve (9.4) is a closed curve without real
double and inflection points and with the four symmetry axes 𝑥 = 0,
𝑦 = 0, 𝑥 = ±𝑦. For odd 𝑛, it is a single curve without real double
point, with the two inflection points (1; 0) and (0; 1), the symmetry
axis 𝑥 = 𝑦 and the asymptote 𝑥 = −𝑦 (Figure 19) [53]. Supercircles
or superellipses, both a subset of Lamé curves and a generalization of
the circle, are based on Equations (9.5a) and (9.5b) with 𝑛 a positive
integer and using absolute values to ensure that shapes are closed.

|𝑥|𝑛 + |𝑦|𝑛 = 𝑅𝑛 (9.5a)

∣ 𝑥
𝐴∣

𝑛
+ ∣ 𝑦

𝐵∣
𝑛

= 1 (9.5b)

In fact, many problems of analytic geometry that have become part of
modern geometric techniques and textbooks were first solved by Gabriel
Lamé. Here we find the first mention of the equation of a plane in the
form 𝑥

𝑎 + 𝑦
𝑏 + 𝑧

𝑐 = 1. Lamé’s intention was to open geometry to the
study of crystals, but it was only around 1993 that his equation was
also applied to model square bamboos (Figure 20 left).

Figure 20. Left: superelliptical section of a square bamboo. Center:
optimal solution according to Piet Hein. Right: Gabriel Lamé [41].
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Gabriel Lamé (1795-1870) attended the École Polytechnique in Paris
from 1813 to 1818 and graduated from the School of Mines in 1820.
Over the next decade, from 1820 to 1831, Lamé worked in Saint-
Petersburg responsible for railways and bridges [51]. After returning
to Paris, Lamé became Professor of Physics at the École Polytechnique.
Lamé’s mathematical discoveries are closely linked to his research on the
theory of elasticity. He is considered a father of mathematical physics
with the introduction of the parameters (invariants) of a scalar field of
first and second kind [41].

Δ1𝐹 = √(𝜕𝐹
𝜕𝑥 )

2
+ (𝜕𝐹

𝜕𝑦 )
2

+ (𝜕𝐹
𝜕𝑧 )

2
(9.6a)

Δ2𝐹 = 𝜕2𝐹
𝜕𝑥2 + 𝜕2𝐹

𝜕𝑦2 + 𝜕2𝐹
𝜕𝑧2 (9.6b)

Δ𝑢 = 𝜕2𝑢
𝜕𝜌2 + 1

𝜌
𝜕𝑢
𝜕𝜌 + 1

𝜌2
𝜕2𝑢
𝜕𝜗2 (9.6c)

Δ2𝐹 and Δ𝑢 are the Laplacian, expressed in Cartesian and
polar coordinates respectively. The curvilinear coordinates and the
differential parameters introduced by Lamé inspired the Italian school
of differential geometry with Ricci, Levi-Civita and Beltrami. Gabriel
Lamé should not only be considered as one of the founders of differential
geometry, but also of Riemannian geometry in the opinion of Elie
Cartan (1869-1951) who was a leading geometer of the 20th century
[55]. He was the first to apply curvilinear coordinates in space using an
orthogonal system, giving the length of an element as:

𝑑𝑠2 = 𝐻2𝑑𝜌2 + 𝐻2
1 𝑑𝜌2

1 + 𝐻2
2 𝑑𝜌2

2

He was naturally led to Fermat’s Last Theorem since this is exactly
Equation (9.5a) and he proved the case for 𝑛 = 7. The recurrence
formula that gives rise to Fibonacci numbers was used by Lamé to
develop the Euclidean algorithm, to determine the greatest common
divisor of two integers [69], and is still in use today. Gaston Darboux
spoke of the immortal works of Gabriel Lamé and Gauss called him
the best French mathematician of his time. On the Eiffel Tower, the
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names of Fourier, Carnot and Lamé are very close together, all on the
Bourdonnais side of the Tower.

Due to the work of the Danish mathematician and inventor Piet
Hein, Lamé curves became very popular in the 1960s, in objets d’art,
furniture, pottery, fabric patterns, etc. But his major achievement to
date is a sunken oval shopping plaza, promenade and pool in the center
of Stockholm. For Piet Hein the superellipse was an iconic solution
between a round and a square worldview: “Man is the animal that
draws lines, which he himself then stumbles over. In the whole pattern of
civilization there have been two tendencies, one toward straight lines and
rectangular patterns and one toward circular lines. There are reasons,
mechanical and psychological, for both tendencies. Things made with
straight lines fit well together and save space. And we can move easily
- physically or mentally - around things made with round lines. But
we are in a straitjacket, having to accept one or the other, when often
some intermediate form would be better. To draw something freehand
- such as the patchwork traffic circle they tried in Stockholm - will not
do. It isn’t fixed, it isn’t definite like a circle or square. You don’t know
what it is. It is not esthetically satisfying. The superellipse solved the
problem. It is neither round nor rectangular, but in between. Yet it
is fixed, it is definite - it has a unity. The superellipse has the same
beautiful unity as the circle and ellipse but is less obvious and less plain.
The superellipse frees us from the straitjacket of simple curves such as
lines and planes.” [42]

9.3 Trigonometry of Supercircles and a
Generalization of 𝜋

The sector of area bounded by the curve between the positive 𝑥-axis
and the driving ray from the zero point to the point of the curve (𝑥, 𝑦)
(Figure 21) is denoted by (1/2)𝜈, because in the case of 𝑛 = 2 of the
circle it is half the central angle of the sector. Its double value is [53]:

𝜈 = ∫
𝑦

0
𝑥𝑑𝑦 + ∫

1

𝑥
𝑦𝑑𝑥 = ∫

𝑥,𝑦

(𝑥=1,𝑦=0)
(𝑥𝑑𝑦 − 𝑦𝑑𝑥) (9.7)
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Figure 21. Left: sector of superellipse [53]. Right: trigonometric
functions on a supercircle.

Depending on whether the expression is of 𝑦 in 𝑥, or of 𝑥 in 𝑦 according
to (9.5b), the first or the second of the following integrals is obtained:

𝜈 = ∫
1

𝑥

𝑑𝑥
(1 − 𝑥𝑛)𝑛−1

𝑛
or 𝜈 = ∫

𝑦

0

𝑑𝑦
(1 − 𝑦𝑛)𝑛−1

𝑛
(9.8)

These integrals are denoted by arccos𝑛(𝑥) and arcsin𝑛(𝑦) and their
inverse functions by cos𝑛 𝜈 and sin𝑛 𝜈, thus:

𝜈 = arccos𝑛(𝑥) = ∫
1

𝑥

𝑑𝑥
(1 − 𝑥𝑛)𝑛−1

𝑛
, 𝑥 = cos𝑛 𝜈 (9.9a)

𝜈 = arcsin𝑛(𝑥) = ∫
𝑦

0

𝑑𝑦
(1 − 𝑦𝑛)𝑛−1

𝑛
, 𝑦 = sin𝑛 𝜈 (9.9b)

These integrals pass into the functions arccos(𝑥) and arcsin(𝑦) for 𝑛 = 2.
The functions tan𝑛 𝜈 and cotan𝑛𝜈 are defined by:

tan𝑛 𝜈 = sin𝑛 𝜈
cos𝑛 𝜈 , cotan𝑛𝜈 = cos𝑛 𝜈

sin𝑛 𝜈 (9.10)

This leads to the natural generalization in the system ̇𝑥 = 𝑦𝑝, ̇𝑦 = −𝑥𝑝,
of the differential equation system ̇𝑥 = 𝑦, ̇𝑦 = −𝑥. Combining (9.4)
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right (the unit circle) and (9.9a)-(9.9b) it follows that [53]:
𝑑𝑥
𝑑𝜈 = −(1 − 𝑥𝑛)𝑛−1

𝑛 = −𝑦𝑛−1 , 𝑑𝑦
𝑑𝜈 = (1 − 𝑦𝑛)𝑛−1

𝑛 = 𝑥𝑛−1 (9.11)

These are the differential equations for the functions sin𝑛 𝜈 and cos𝑛 𝜈,
namely:

𝑑
𝑑𝜈 cos𝑛 𝜈 = − sin𝑛−1

𝑛 𝜈 , 𝑑
𝑑𝜈 sin𝑛 𝜈 = cos𝑛−1

𝑛 𝜈 (9.12)

Furthermore, it follows according to (9.12):

𝑑2

𝑑𝜈2 cos𝑛 𝜈 = −(𝑛 − 1) cos𝑛−1
𝑛 𝜈 sin𝑛−2

𝑛 𝜈

𝑑2

𝑑𝜈2 sin𝑛 𝜈 = −(𝑛 − 1) sin𝑛−1
𝑛 𝜈 cos𝑛−2

𝑛 𝜈
(9.13)

Hence the functions cos𝑛 𝜈 and sin𝑛 𝜈 both obey the differential
equation:

𝑠″ + (𝑛 − 1)𝑠𝑛−1(1 − 𝑠𝑛)𝑛−2
2 = 0 (9.14)

or more generally, the differential equation:

𝑑2𝑠
𝑑𝜈2 + 𝛼2𝑠𝑛−1(𝛼𝑛 − 𝑠𝑛)𝑛−2

𝑛 = 0 (9.15)

For each supercircle one can define the perimeter as 2𝜋𝑛. To determine
the half-perimeter 𝜋𝑛 we can use the integral value [53]:

𝜋𝑛 = 2 ∫
1

0

𝑑𝑡
(1 − 𝑡𝑛)𝑛−1

𝑛
(9.16)

which denotes the quadruple of the area sector between the positive
𝑥-axis and the positive 𝑦-axis. For even 𝑛 it is the area enclosed by the
whole curve, which yields for the case 𝑛 = 2 the number 𝜋2 = 𝜋 of
the circle. The calculation of 𝜋𝑛 can be traced back to the tabulated
factorial [51]. Namely:

𝜋𝑛 = 2 ( 1
𝑛)! (−𝑛−1

𝑛 )!
(−𝑛−2

𝑛 )! (9.17)
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𝑛 𝜋𝑛
2 3.142
3 3.533
4 3.708
5 3.801
6 3.855
7 3.890
8 3.914
9 3.931
10 3.943
∞ 4.000

Table 1. See [51].

One finds the values shown in Table 1 and, according to the geometric
meaning, one supposes the limit 𝜋∞ = 4. To confirm this, one introduces
the Gamma function which gives:

𝜋∞ = 2 lim
𝑛→∞

Γ(1 + 1
𝑛)Γ( 1

𝑛)
Γ( 2

𝑛) = 2 Γ(1) lim
𝑥→0

Γ(𝑥)
Γ(2𝑥) (9.18)

or since:

Γ(2𝑥) = Γ(𝑥)Γ(𝑥 + 1
2)

21−2𝑥√𝜋 and lim
𝑥→0

Γ(𝑥)
Γ(2𝑥) = 2√𝜋

Γ(1
2) = 2

indeed 𝜋∞ = 4.

Unit supercircles thus have dedicated trigonometric functions [42, 53,
67] and a dedicated value of 𝜋𝑛, defined as the half-perimeter of the
super- (or sub-)circle with exponent 𝑛 (Figure 21 and Table 1) [67].

(cos𝑛(𝜗), sin𝑛(𝜗)) = { |𝑥|𝑛 + |𝑦|𝑛 = 1
𝑦 = tan(𝜗) ⋅ 𝑥 (9.19)

For 𝑛 = 2 the functions cos𝑛(𝜗) = cos(𝜗) and sin𝑛(𝜗) = sin(𝜗), and
additionally tan𝑛(𝜗) = tan(𝜗). This gives the generalized Pythagorean
theorem:

(cos𝑛(𝜗))𝑛 + (sin𝑛(𝜗))𝑛 = 1 (9.20)
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9.4 From Superellipses to
Gielis Transformations

Using 𝜌 = 𝑅 cos(𝜗) and 𝜌 = 𝑅 sin(𝜗) and using different exponents
𝑛1, 𝑛2, 𝑛3 gives [7, 40, 92]:

𝜌(𝜗; 𝑛1, 𝑛2, 𝑛3) = 𝑅
𝑛1√| cos(𝜗)|𝑛2 + | sin(𝜗)|𝑛3

(9.21)

And for the superellipse with semi-major and semi-minor axes 𝐴, 𝐵:

𝜌(𝜗; 𝐴, 𝐵, 𝑛1, 𝑛2, 𝑛3) = 1
𝑛1√| 1

𝐴 cos(𝜗)|𝑛2 + | 1
𝐵 sin(𝜗)|𝑛3

(9.22)

The restriction to the Cartesian coordinate system is solved by adding
a symmetry parameter 𝑚

4 :

𝜌(𝜗; 𝐴, 𝐵, 𝑛1, 𝑛2, 𝑛3) = 1
𝑛1√| 1

𝐴 cos(𝑚
4 𝜗)|𝑛2 + | 1

𝐵 sin(𝑚
4 𝜗)|𝑛3

(9.23)

Examples are shown in Figure 22 (a) to (f) [40]. More generally,
Equation (9.23) can be a transformation of any planar function 𝑓(𝜗):

𝜌(𝜗; 𝐴, 𝐵, 𝑛1, 𝑛2, 𝑛3) = 𝑓(𝜗)
𝑛1√| 1

𝐴 cos(𝑚
4 𝜗)|𝑛2 + | 1

𝐵 sin(𝑚
4 𝜗)|𝑛3

(9.24)

Examples of transformations of spirals and trigonometric functions are
shown in Figure 22 (g) to (i) and Figure 22 (j) to (l) respectively; see
also [46, 56, 90].

The symmetry parameter 𝑚 can be integer, rational or irrational
(Figure 23). Rational values of 𝑚 generate polygrams. Regular 𝑚-
polygons are defined as [14]:

𝜌(𝜗) = lim
𝑛1→∞

1

[∣cos(𝑚
4 𝜗)∣2(1−𝑛1 log2 cos 𝜋

𝑚 ) + ∣sin(𝑚
4 𝜗)∣2(1−𝑛1 log2 cos 𝜋

𝑚 )]
1

𝑛1

(9.25)
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Figure 22. (a)-(d): cross sections of plant stems. (e)-(f): starfish.
(g)-(i): transformations of logarithmic (g+h) and Archimedean (i)
spirals. (j)-(l): transformations of cosines, as flowers or in wave view [40].

Figure 23. Top row: self-intersecting polygons for 𝑚 = 5
2 , 5

3 , 8
3 . Bottom

row: regular polygons for 𝑚 = 4, 5, 6.
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Examples are shown in Figure 23 bottom row. Approximations to
regular polygons and polygrams are obtained by defining regular Gielis
polygons [72]:

𝐺𝑚,𝑛2,3,𝑛1
= {∣cos(𝑚

4 𝜗)∣
𝑛2 + ∣sin(𝑚

4 𝜗)∣
𝑛3}

− 1
𝑛1 with 𝑛2,3 = 𝑚2

16 ⋅ 𝑛1

(9.26)

For 𝑚 > 5, the deviations of 𝐺𝑚,𝑛2,3,𝑛1
from true regular polygons are

less than 1%, monotonically decreasing for increasing 𝑚 [72].

𝐺𝑚,𝑛2,3,𝑛1
= {∣cos(𝑚

4 𝜗)∣
𝑛2 + ∣sin(𝑚

4 𝜗)∣
𝑛3}

− 1
𝑛1

Using Equation (9.23) as equality:

𝜌(𝜗) = 1
𝑛1√| 1

𝐴 cos(𝑚
4 𝜗)|𝑛2 + | 1

𝐵 sin(𝑚
4 𝜗)|𝑛3

defines the curve as a boundary of a disk.

The inequality:

𝜌(𝜗) ≤ 1
𝑛1√| 1

𝐴 cos(𝑚
4 𝜗)|𝑛2 + | 1

𝐵 sin(𝑚
4 𝜗)|𝑛3

defines boundary and disk and the inequality 𝜌(𝜗) > defines all
space outside this domain. Using ranges one can define annuli as well
(Figure 24).

Figure 24. Annuli with same or different outside and inside boundaries.
On the right the outer boundary is a regular pentagon. [14]



64 9. FROM LAMÉ CURVES TO GIELIS TRANSFORMATIONS

9.5 Generalizations
R. Chacón proposed the following equation [25]:

𝜌(𝜗) = {∣cos(ΦI,II𝜗)∣𝑛2 + ∣sin(ΨI,II𝜗)∣𝑛3}
− 1

𝑛1 (9.27)

where ΦI,II and ΨI,II are suitable amplitudes of Jacobi elliptic functions.
The motivation of this choice is because the solution of many nonlinear
physical models are expressed in terms of such functions [25]. Dealing
with modeling of natural shapes this selection appears quite restrictive,
since the non-linearity is restricted by the use of these particular
functions. This leads to the following generalization [48]:

𝜌(𝜗) = 𝑐(𝜗) [∣ 1
𝐴 cos(𝑚1𝑓1(𝜗)

4 )∣
𝑛2

+ ∣ 1
𝐵 sin(𝑚2𝑓2(𝜗)

4 )∣
𝑛3

]
− 1

𝑛1

(9.28)

Here 𝜗 ∈ [−𝜋, 𝜋]; 𝑓1, 𝑓2 and 𝑐(𝜗) are continuous functions; 𝑚1, 𝑚2,
𝐴, 𝐵, 𝑛1,2,3 are real numbers; and 𝐴, 𝐵, 𝑛1 are not zero. Division by 4
in the preceding formula is unnecessary of course, since the same results
can be simply obtained by changing the values 𝑚1 and 𝑚2. Actually,
this division is only assumed in order to preserve the original form of the
Gielis Superformula and the special case of Lamé curves for 𝑚 = 4. It is
then possible to impose conditions, such as conditions for functions to
be increasing 𝑓(−𝜋) = −𝜋, 𝑓(𝜋) = 𝜋, closed 𝑓(−𝜋) = 𝑓(𝜋), or to pass
through the origin [48]. Some further examples are shown in Figure 25.

9.6 Supercircles and Superparabolas
The structural form of the above equations is both Pythagorean-
compact and topologically simple. The basic structure is [41]:

𝜌(𝜗) = 1
⋱√| cos(∶∶)|. . . ± | sin(∶∶)| ⋮ (9.29a)

or

𝜌(𝜗) = 1
⋱√|𝑓1(∶∶)|. . . ± |𝑓2(∶∶)| ⋮ (9.29b)
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and the variables and exponents (∶∶, ⋅ ⋅ ⋅, ⋮ , ⋱) can either be numbers
or functions for evolution along a time or space axis or both. When all
exponents (⋅⋅⋅, ⋮ , ⋱) = 2, Equation (9.29a) describes the circle, hence the
name Pythagorean-compact. If we wish to describe the complexity of
an object, it is not only the degree, but also the number of monomials
in the polynomials, which describe the curve or object. In the case
of Lamé curves, irrespective of the degree, the number of monomials
is one in each variable. This is precisely the case for Lamé-Gielis
curves (including those in Figure 25): not only are they Pythagorean-
compact, but also topologically simple [41]. Addition of monomials 𝑥𝑛,
𝑦𝑚 results in Lamé curves, but the operation multiplication or division
can also be used. Allometric laws 𝑥𝑛 = 𝑘𝑦𝑚 result from multiplication or
division of the monomials, but geometrically these are superparabolas
(or superhyperbolas) (Table 2).

Figure 25. Examples of generalized Gielis transformations [48].
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Variables Planar curves Types Special means
𝑥𝑛 + 𝑦𝑛 Supercircles &

Superellipses Lamé curves Arithmetic mean
𝑥+𝑦

2 (for 𝑛 = 1)

𝑥𝑛 ⋅ 𝑦𝑚 Superparabolas &
Superhyperbolas Power laws

Square of geometric
mean √𝑥 ⋅ 𝑦

(for 𝑛 = 𝑚 = 1)

Table 2. Lamé curves and power laws as generalizations of conic
sections [46].

In the same way as supercircles are generalizations of circles, these
power relations are superparabolas which are generalizations of the
classic parabola 𝑦 = 𝑥2. In Figure 26 left, superparabolas 𝑦 = 𝑥𝑛/𝑚

are shown in the interval [0; 1] and the exponents range from 𝑛 = 1/2
to 𝑛 = 2 with steps of 1/5. The cases for 𝑛 > 1 and 𝑛 < 1 have 𝑦 = 𝑥
with 𝑛 = 1 as the symmetry axis (the bisectrix). The classic parabola is
a machine that turns a rectangle with area 𝑦 ⋅ 1 into a square with the
same area and side 𝑥, which is the geometric mean. In the same way,
a superparabola 𝑦 = 𝑥𝑛/𝑚 turns a beam with an 𝑛-volume into a cube
with an 𝑚-volume (for 𝑛 < 𝑚) [41].

Figure 26. Left: sub- and superparabolas in the interval [0; 1]. Right:
Kepler’s Law [41].
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The trigonometry of the parabola yields interesting insights. The value
of the half-perimeter 𝜋𝑝𝑎𝑟 is a rational number and is directly related
to Archimedes’ Quadrature of the Parabola. Moreover, the values of
the associated sec𝑝𝑎𝑟 and cos𝑝𝑎𝑟 at 45∘ give the Golden Ratio 𝜑 and
its inverse 1/𝜑 respectively [32, 33, 91]. The generalization of these
trigonometric functions to super- and subparabola, analogous to the
trigonometry on supercircles, needs to be developed.

In physics, biology and economy, power laws are found everywhere, from
the size of cities to the power noise in time series. The Cobb-Douglas
production function 𝑉 = 𝛾𝐾𝛿𝐿1−𝛿 is one example from economics, with
the output of a Process 𝑉 defined by Capital 𝐾 and Labor 𝐿, which
can be substituted to a certain extent depending on the substitution
parameter 𝛿. This is equivalent to an expression like 𝑧 = 𝑥𝑛 ⋅ 𝑦𝑚. In the
case of Cobb-Douglas 𝑛 = 1−𝑚. Actually, the Cobb-Douglas model is a
limiting case of the CES (constant elasticity of substitution) production
models (in the case of 𝜌 = 0 elasticity reduces to unity) [3]:

𝑉 = 𝛾 [𝛿𝐾−𝜌 + (1 − 𝛿)𝐿−𝜌]−
1
𝜌 (9.30)

with 𝐾 = capital, 𝐿 = labor, 𝛾 an efficiency parameter, 𝜌 a substitution
parameter (transform of elasticity of substitution) and 𝛿 a distribution
parameter (𝛿 and 1−𝛿 make this into a weighted mean). The generalized
form of CES production functions with an arbitrary number of inputs
is [29]:

𝐹(𝑥1, 𝑥2, … , 𝑥𝑛) = 𝐴 (
𝑛

∑
𝑖=1

𝑎𝜌
𝑖 𝑥𝜌

𝑖 )
𝛾
𝜌

with 𝑎𝑖, 𝛾, 𝐴, 𝜌 ≠ 0 and 𝜌 < 1
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Chapter 10. Waves and More

10.1 Relations to Chebyshev and Pseudo-
Chebyshev Forms and to Fourier Series

The Gielis formula as generalization of Lamé curves and superellipses
uses trigonometric functions which are transcendental. These equations
can be rewritten in terms of Chebyshev polynomials [41, 46], for
𝑥 = cos (𝑚

4 𝜗), based on Grandi curves. The curves defined by (9.23)
can then be considered as algebraic functions. They can also be used
as transformations on Chebyshev polynomials and pseudo-Chebyshev
functions. For 𝑚 = 1 and 𝑛1,2,3 = 𝑝 with 𝑝 an integer, this describes
supercircles and superellipses, and circles or ellipses when 𝑚 = 1 and
𝑛1,2,3 = 2:

𝜌(𝑥) = 1
𝑛1√∣1

𝑎 𝑇𝑚(𝑥)∣𝑛2 + ∣1
𝑏 𝑈𝑚−1(𝑥)∣𝑛3

⋅ 𝑓(𝑥) (10.1)

There exists also a direct connection between pseudo-Chebyshev
functions and flowers. Using Gielis transformations on Grandi or
Rhodonea curves, but with 𝑚

2 [44]:

𝜌(𝜗; 𝑎, 𝑏, 𝑛1, 𝑛2, 𝑛3, 𝑛4) = ∣cos(𝑚
2 𝜗)∣𝑛4

𝑛1√∣1
𝑎 cos(𝑚

2 𝜗)∣𝑛2 + ∣1
𝑏 sin(𝑚

2 𝜗)∣𝑛3
(10.2)

this generates a wide range of naturally looking flowers (see Figure 27).

Equation (10.2) with 𝑚
2 can be rewritten in terms of the recently defined

pseudo-Chebyshev functions of half-integer values 𝑘 + 1
2 [46, 77] (see

Chapter 8):

𝑇1
2

= cos(1
2 arccos(𝑥)) and 𝑇𝑘+ 1

2
= cos [(𝑘 + 1

2) arccos(𝑥)]
(10.3)
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Figure 27. Choripetalous five-petalled flowers with the corresponding
constraining superpolygons and parameters [44, 46].

It is remarkable that flowers and leaves are connected to these
polynomials and functions. Their multiple uses in mathematics can
serve as a guide in the study of botany. For the study of flowers
one can make use of the orthogonality properties of pseudo-Chebyshev
functions [6].

This directly leads to Fourier series solutions using pseudo-Chebyshev
functions of the fourth kind. Consider for an 𝐿1[−𝜋, 𝜋], 2𝜋-periodic
function [6]:

𝑓(𝑥) ∼ 1
2𝑎0 +

∞
∑
𝑘=1

𝑎𝑘 cos(𝑘𝜋𝑥
𝐿 ) + 𝑏𝑘 sin(𝑘𝜋𝑥

𝐿 ) (10.4)

with 𝑎𝑘, 𝑏𝑘 the Fourier coefficients of 𝑓(𝑥). By Carleson’s theorem, this
series converges in mean and even pointwise up to a set of Lebesgue
measure zero. Since the partial sums can be written as:

𝑠𝑛(𝑥, 𝑓) = 𝑎0
2 +

𝑛
∑
𝑘=1

𝑎𝑘 cos(𝑘𝑥) + 𝑏𝑘 sin(𝑘𝑥) = 1
2𝜋 ∫

𝜋

−𝜋
𝑓(𝑥 − 𝑡) 𝐷𝑛(𝑡) 𝑑𝑡

(10.5)

the representation formula of the Dirichlet kernel holds:

𝐷𝑛(arccos(𝑥)) = 𝑊𝑛(𝑥) = 2𝑇1
2
(𝑥)𝑈𝑛− 1

2
(𝑥) (10.6)
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Here 𝑊𝑛(𝑥) is a pseudo-Chebyshev function of the fourth kind [6], which
can be expressed using pseudo-Chebyshev functions of the first and
second kind. A consequence of this result is that the partial sums of a
Fourier series can be written in terms of pseudo-Chebyshev functions,
as follows:

𝑠𝑛(𝑥, 𝑓) = 1
𝜋 ∫

1

−1
𝑓(𝑥 − arccos 𝜏) 𝑊𝑛(𝜏) 1√

1 − 𝜏2 𝑑𝜏

= 2
𝜋 ∫

1

−1
𝑓(𝑥 − arccos 𝜏) 𝑇1

2
(𝜏) 𝑈𝑛− 1

2
(𝜏) 1√

1 − 𝜏2 𝑑𝜏
(10.7)

The flowers in Figure 27 can be understood as a single-term Grandi
curve inscribed in a polygon defined by Equation (9.23). As a
generalization of Fourier series (or trigonometric series in general) each
individual term of a Fourier series can be transformed. One can define
a generalized series, with 𝜌0, 𝜌𝑘 defining a stretchable radius, as [45]:

𝜌(𝜗) = 𝜌0𝑎0 +
∞

∑
𝑘=1

𝜌𝑘𝑎𝑘 cos(𝑘𝑥) + 𝜌𝑘𝑏𝑘 sin(𝑘𝑥) (10.8)

Since the first constant term of the series 𝜌0𝑎0 can be associated with
a particular transformation 𝜌0, any shape described by Equation (9.23)
is described precisely in one term of this generalized series 𝜌0𝑎0 without
any need for additional terms. Figure 28 shows a sum of three terms.

Figure 28. 𝑘-type Gielis curve with 𝑘 = 3 for 𝜌(𝜗; 𝑓(𝜗), 𝑎, 𝑏, 𝑛1, 𝑛2,
𝑛3). The bird is the sum of 𝜌1(𝜗; cos(3

2𝜗), 1, 1, 3, 2, 2, 2), 𝜌1(𝜗; cos(2𝜗),
1, 1, 4, 1, 1, 1) and 𝜌1(𝜗; cos(5

2𝜗), 1, 1, 5, 1, 1, 1). [45]
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10.2 Coordinate Functions of First and
Higher Order and Square Waves

Equation (9.23) and the generalized Fourier series of Equation (10.8)
can be used to generate waves. One example is the generation of square
waves. A square wave may be generated in various ways, e.g. with
reference to step functions such as the Heaviside step function (Equation
10.9). Note that the Dirac delta function is the distributional derivative
of the Heaviside function [43].

𝐻(𝑥) = { 0 𝑥 < 0
1 𝑥 ≥ 0 (10.9)

An alternative method is synthesis via Fourier series. One well-
known disadvantage of this is the Fourier-Gibbs phenomenon, whereby
oscillations occur in points of measure zero. These phenomena are an
inherent feature of the method, but may be mediated in practice by
using sinc𝑥 = sin𝜋𝑥

𝜋𝑥 (Equation 10.10):

𝑓(𝑥) = 1
2𝑎0 +

𝑚−1
∑
𝑘=1

sinc 𝑘
𝑚 [𝑎𝑘 cos(𝑘𝜋𝑥

𝐿 ) + 𝑏𝑘 sin(𝑘𝜋𝑥
𝐿 )] (10.10)

In order to generate a square wave which is differentiable everywhere,
all exponents in Equation (9.24) are equal to 1, 𝑚 = 4 and 𝐴 is very
large, so that the cosine term becomes very small, 𝜀. In Figure 29, the
shape of the sine wave is given for various values of 𝜀 [43].

As long as 𝜀 is finite and not zero, the function is differentiable
everywhere. In this way, Gibbs phenomena are avoided and
differentiability can be ensured everywhere. These curves can also be
framed in a window, e.g. the interval [−1; 1] or in a Gaussian window

1
𝜎

√
2 exp [− (𝜗−𝜇

2𝜎 )𝑛] for various values of 𝜀 (see Figure 30).

sin𝜗
𝜀 + | sin𝜗| (10.11)

Second and higher order trigonometric functions based on Equation
(9.23) can be generated. Given a shape 𝜌(𝜗) defined by Equation (9.23),
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Figure 29. Sines according to Equation (10.11) for varying 𝜀 = 10−𝛼,
with 𝛼 = 0 (green), 𝛼 = 1 (blue), 𝛼 = 3 (red solid), 𝛼 = 5 (orange
solid) and 𝜀 = 0 (black dashed) [43].

Figure 30. Left: cosines for 𝜀 = 10−5 in Gaussian window with 𝑛 = 2.
Right: decaying square wave [43].

the polar plot is generated by:

𝑐(𝜗) = 𝛾(𝜗) cos(𝜗)
𝑠(𝜗) = 𝛾(𝜗) sin(𝜗)

(10.12)

The functions 𝑐(𝜗) and 𝑠(𝜗) are displayed in Figure 31 with values
𝐴 = 2, 𝐵 = 1, 𝑚1 = 1.5, 𝑚2 = 0.5, 𝑛1 = 1, 𝑛2 = 2 and 𝑛3 = 3. This
can be continued to any order.
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Figure 31. Supertrigonometric functions with associated polar graphs
and the Gaussian version.

Figure 32. Polyphonic timbres inherent to Gielis curves with
parameter values 𝜌(𝜗, 4/5, 1, 1, 1, 1, 1) (left) and 𝜌(𝜗, 4/5, 1, 1, 1, 9, 9)
(right).

Figure 32 displays rational Gielis curves with 𝑚 a rational number
(𝑚 = 4/5). Increasing the values of the 𝑛2, 𝑛3 parameters lowers the
magnitude of the main 𝑞-th harmonic partial (5th in this example) and
raises the magnitudes of the other partials, as can be seen in the two
harmonic spectra of the 𝑋-coordinates waveforms. The spectra of the
𝑌 -coordinates waveforms (not shown) have similar polyphonic spectral
characteristics [27].

10.3 Higher Dimensions
Equation (9.23) can be extended to any dimension. In 3D,
both spherical coordinates (Equation 10.13) [9] and parametric
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representations (Equation 10.14) can be used:

𝑅(𝜗, 𝜑) = 𝑐 [∣sin
𝑝𝜗
2 cos 𝑞𝜑

4
𝛾1

∣
𝑛1

+ ∣sin
𝑝𝜗
2 sin 𝑞𝜑

4
𝛾2

∣
𝑛2

+ ∣cos
𝑝𝜗
2

𝛾3
∣
𝑛3

]
−1/𝑛0

(10.13)

The parametric equation (10.14) is based on two perpendicular cross
sections 𝜌1, 𝜌2 which can be of different sizes leading to toroidal
structures (see Figures 33 & 34) [41]:

⎧{
⎨{⎩

𝑥 = 𝜌1(𝜗) cos(𝜗) 𝜌2(𝜑) cos(𝜑)
𝑦 = 𝜌1(𝜗) sin(𝜗) 𝜌2(𝜑) cos(𝜑)
𝑧 = 𝜌2(𝜑) sin(𝜑)

(10.14)

This can be further extended within the framework of Generalized
Möbius-Listing surfaces and bodies with Equations (10.15) and (10.16)
[49, 96, 97]. Both the basic line and the cross section can be defined
by any of the curves discussed earlier. The lower index of the notation
𝐺𝑀𝐿𝑛

𝑚 denotes the symmetry of the cross section and the upper index
denotes the number of twists before joining the ends. Also classic
prisms and canal surfaces belong to this class. A more general class is
Generalized Rotating and Twisting bodies 𝐺𝑅𝑇 𝑛

𝑚. Examples are shown
in Figures 35 and 36.

⎧{
⎨{⎩

𝑋(𝜏, 𝜓, 𝜃) = (𝑅(𝜃) + 𝑝(𝜏, 𝜓) cos (𝑛𝜃
𝑚 ) − 𝑞(𝜏, 𝜓) cos (𝑛𝜃

𝑚 )) cos(𝜃)
𝑌 (𝜏, 𝜓, 𝜃) = (𝑅(𝜃) + 𝑝(𝜏, 𝜓) cos (𝑛𝜃

𝑚 ) − 𝑞(𝜏, 𝜓) cos (𝑛𝜃
𝑚 )) sin(𝜃)

𝑍(𝜏, 𝜓, 𝜃) = 𝐾(𝜃) + (𝑝(𝜏, 𝜓) sin (𝑛𝜃
𝑚 ) + 𝑞(𝜏, 𝜓) cos (𝑛𝜃

𝑚 ))
(10.15)

or alternatively:

⎧{
⎨{⎩

𝑋(𝜏, 𝜓, 𝜃) = (𝑅(𝜃) + 𝑝(𝜏, 𝜓) cos (𝜓 + 𝑛𝜃
𝑚 )) cos(𝜃)

𝑌 (𝜏, 𝜓, 𝜃) = (𝑅(𝜃) + 𝑝(𝜏, 𝜓) cos (𝜓 + 𝑛𝜃
𝑚 )) sin(𝜃)

𝑍(𝜏, 𝜓, 𝜃) = 𝐾(𝜃) + 𝑝(𝜏, 𝜓) sin (𝑛𝜃
𝑚 )

(10.16)
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Figure 33. 3D shapes defined by Equation (10.14).

Figure 34. 3D shapes defined by Equation (10.14).

The main advantage of such general coordinate systems, as also
observed by Lamé, is that to each physical shape or phenomenon a
best fitting coordinate system can be found. The goal of mathematical
physics then is to solve the boundary value problems associated with
the problem under investigation [41, 55].

Both the cross section and the basic line can be defined by Equation
(9.24) and a time component can operate on cross section, basic line
and twisting parameters for dynamical studies.
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Figure 35. Prisms and 𝐺𝑀𝐿𝑛
𝑚 surfaces.

Figure 36. Generalized Rotating and Twisting bodies 𝐺𝑅𝑇 𝑛
𝑚.
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Chapter 11. Stretchable Rulers and
Integer Shapes

The geometric sense aids not only in understanding, but also in progress.
Andre Weil wrote [105]: “Whatever the truth of the matter, mathematics
in our century would not have made such impressive progress without
the geometric sense of Elie Cartan, Heinz Hopf, Chern and a very few
more. It seems safe to predict that such men will always be needed if
mathematics is to go on as before.” Furthermore, understanding historic
developments is as important as geometry itself.

11.1 Stretchable Rulers
In Part III it will be shown that the use of a suitable change
of coordinates (here referred to as anisotropically stretched polar
or spherical coordinates) provides a uniform method to apply the
classical Fourier theory even in the case of general normal polar (e.g.
starlike) domains. The “exact” solution of many classical boundary
value problems in terms of Fourier series can then be achieved, where
“exact” means that we can approximate a prescribed finite number of
coefficients of the Fourier expansion of the solution as closely as we
wish. Hence, the classical Dirichlet, Neumann, Robin problems for the
Laplace or Helmholtz equation are always the same, independent of the
shape of the domain in which they are considered, provided that this
domain can be reduced to a circle (or sphere and cylinder in the 3D
case) by a suitable change of coordinates. A prime example of these
new coordinates are stretched polar coordinates via Equation (9.23).

From a geometric point of view however, it is useful to note that this
anisotropic stretching is the essence of Gielis Transformations (𝐺𝑇 ).
By using a flexible ruler (the radius vector is shortened or lengthened
depending on the angle) 𝐺𝑇 ensure the commensurability of shapes as
diverse as squares, starfish and flowers. But this leads to two different
viewpoints: an internal viewpoint (by an observer living inside such a
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shape) and an external one (looking from the outside with our Euclidean
glasses) [41].

If we start with a horizontal vector of length 1, fixed at the center,
and we draw a square while keeping the point of the vector on the
vertical straight line perpendicular to the horizontal and crossing this
axis in the point (1, 0), then our vector will stretch to

√
2 (Figure 37).

However, this is what happens when we look with our Euclidean glasses
from the outside. For an observer located on the vector, he/she (green
square) will not experience this length increase as the observer stretches
along with the vector. For the internal observer all points lie at the
same distance from the center or at the same number of subdivisions.
So for the internal observer, it is a unit circle with all points at a
distance of 1. It is therefore not surprising that the Lorentz-Fitzgerald
transformations from Special Relativity Theory are a special case [41].

Instead of an elastic ruler we imagine that to the origin we attach
various springs in different directions. These springs all have the
same length and same spring characteristics. If we stretch them, two
conditions may occur. We can stretch them with equal force or we can

Figure 37. Using a stretchable ruler to draw a square, but it is a unit
circle anyway [41].
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stretch them to a certain fixed distance. Say we stretch the spring by
1 cm. In both cases, all end points of all stretched springs will define a
circle. The fact that we can consider both force and distance is given
by the simple relation ⃗𝐹 (𝑜𝑟𝑐𝑒) = 𝑘 ⃗𝑥. Here || ⃗𝑥|| is the distance to which
the spring is stretched with 𝑘 the spring constant. This simple relation
is Hooke’s Law.

Now let us try to draw a square with our springs. In the traditional view,
if we want to draw a square, at 0∘ we do not stretch the spring and take
this as distance 1. To draw the point at 45∘ the spring is stretched by a
factor of

√
2. Surely this force is larger than the zero force at 0∘? Not if

we look at it from an internal point of view. In whichever direction we
stretch the springs, force is the constant and in exactly the same way
as the radius is a function of the direction 𝜌(𝜗), the spring “constant”
is now dependent on the direction, i.e. 𝑘 = 𝑓(𝜗). We use a less stiff
spring in the 45∘ than in the 30∘ direction, noting that the stiffness of
the string may be affected by the spaces, without us noticing just like
the observers in Figure 37. The inevitable conclusion is that, since force
is constant in all directions, all end points lie on a circle. It is a unit
circle for this case and the specific set of constants in each direction.
Notwithstanding these two different views (e.g. with a starfish set with
a flexible ruler) we can always connect it to our classical circle and
simplify computations based on what we already know.

11.2 Shapes as Integers
Fourier series and generalized Fourier series can be thought of as
numbers with, respectively, circle and Lamé-Gielis curves as “integers”.
In Figure 28, the outline of a bird is shown which is built up from
three curves. The notation 𝑘 = 3 refers to the number of shapes
added together, but is inspired by the theory of 𝑘-type curves. The 𝑘-
finite type curves were defined in the framework of submanifold theory
[28]: curves are of infinite or finite type depending on whether their
Fourier expansion with respect to arc length is infinite or finite. One
consequence of the theory of 𝑘-type curves is that the circle is the only
closed planar curve that is of finite type, namely of 1-type (1-𝑇 ) with
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all cosine and sine terms equal to zero. Any other curve necessarily has
an infinite Fourier expansion and is of infinite type (∞-𝑇 ).

Series expansions, like Fourier, can be considered as a positional system
with an integer part 𝑎0 and a “decimal part”. 1-type curves are “integers”,
while (∞-𝑇 ) curves are “irrational” numbers since they have no recurring
sequences. Note that the inspiration for the development of infinite
series by Newton came from the decimal system developed one century
earlier by Simon Stevin. Instead of using numbers, Newton introduced
functions [50]. According to the 𝑘-type curve theory there is only
one shape which is an integer, namely the circle. All other shapes
have an infinite Fourier series expansion, i.e. an infinite “decimal”
part. An alternative interpretation is that all curves other than the
circle, including the ellipses, are equally complex: once their Fourier
expansion starts, it never stops [103]. Their expansion contains infinitely
many terms (∞-𝑇 ). It is quite remarkable that a system based on the
transcendental number 𝜋, or in the case of transforms on the base of
the natural logarithm 𝑒 (another transcendental number), generates
only one “integer shape” (the circle of radius 𝑅 = 𝑎0), whereas all other
shapes have an infinite “decimal part”.

In contrast, using Equation (10.8), any curve with a stretchable radius
𝑎0𝜌0 defined by Equations (9.5a) and (9.5b) or Equation (9.23), is of
1-type and their expansions, once they start, stop immediately since
all cosine and sine terms are zero. Hence, all Lamé-Gielis curves in
this sense need no further expansion and can thus be regarded as
an “integer”, albeit an integer defined intrinsically by an n-tuple of
parameters. The value of 𝑛 is somewhere between 5 for superellipses
(Equation 9.5b; Section 9.2) and 7 (Equation 9.23). Lamé curves and
superellipses constitute a 4- or 5-dimensional manifold (see Section 9.1).
Hence all these “integer” shapes are points of a sufficiently low-
dimensional manifold. Consequently all Gielis curves, including the
circle, ellipses and Lamé curves, are equally simple in this generalized
Fourier sense, in addition to the Pythagorean compact and topologically
simple nature of the equations. With each integer-shape a specific
𝜋𝑛 and dedicated trigonometric functions are associated, but Gielis
transformations provide for a one-to-one key between all.
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Chapter 12. Solution of Problems in
Gielis Domains

Many applications of Mathematical Physics and Engineering are
connected with the Laplacian:

• The wave equation: 𝑢𝑡𝑡 = 𝑎2 Δ2𝑢
• Heat propagation: 𝑢𝑡 = 𝜅 Δ2𝑢
• The Laplace equation: Δ2𝑢 = 0
• The Helmholtz equation: Δ2𝑢 + 𝑘2𝑢 = 0
• The Poisson equation: Δ2𝑢 = 𝑓

• The Schrödinger equation: − ℎ2

2𝑚 Δ2𝜓 + 𝑉 𝜓 = 𝐸𝜓

Boundary value problems relevant to the Laplacian are solved in explicit
form only for domains with a very special shape, namely intervals,
cylinders or domains with special (circular or spherical) symmetries
[1]. In what follows, we limit ourselves to consider the extensions of
classical problems to 2𝐷 normal polar domains of the Gielis type, that
is domains 𝒟 which are starlike with respect to the polar coordinate
system. Then 𝜕𝒟 can be interpreted as an anisotropically stretched unit
circle. Other general problems, or relative to more complex shapes, have
also been considered in [11, 12, 14, 17, 18]. Further extensions have been
made to the case of 3𝐷 domains, but the relevant equations are much
more involved. A list of such articles can be found in the References
section (see [9, 10, 13, 15, 19–21, 45]).

12.1 The Laplacian in Stretched
Polar Coordinates

We introduce in the 𝑥, 𝑦 plane the polar coordinates:

𝑥 = 𝜌 cos 𝜃 , 𝑦 = 𝜌 sin 𝜃 (12.1)
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and the polar equation of 𝜕𝒟:

𝜌 = 𝑟(𝜃) (0 ≤ 𝜃 ≤ 2𝜋) (12.2)

where 𝑟(𝜃) ∈ 𝐶2[0, 2𝜋]. We suppose the domain 𝒟 satisfies:

0 < 𝐴 ≤ 𝜌 ≤ 𝑟(𝜃)

and therefore min𝜃∈[0,2𝜋] 𝑟(𝜃) > 0.

We introduce the stretched radius 𝜌∗ such that:

𝜌 = 𝜌∗ 𝑟(𝜃) (12.3)

and the curvilinear (i.e. stretched) coordinates 𝜌∗, 𝜃 in the plane 𝑥, 𝑦:

𝑥 = 𝜌∗ 𝑟(𝜃) cos 𝜃 , 𝑦 = 𝜌∗ 𝑟(𝜃) sin 𝜃 (12.4)

Therefore, 𝒟 is obtained assuming 0 ≤ 𝜃 ≤ 2𝜋 and 0 ≤ 𝜌∗ ≤ 1.

We show how to modify some classical formulas and we derive methods
to compute the coefficients of Fourier-type expansions representing
solutions of some classical problems. Of course, this theory can be easily
generalized by considering weakened hypotheses on the boundary or
initial data.

The case of the unit circle is recovered assuming 𝜌∗ = 𝜌 and 𝑟(𝜃) ≡ 1.
We consider a 𝐶2(

∘
𝒟) function 𝑢(𝑥, 𝑦) = 𝑢(𝜌 cos 𝜃, 𝜌 sin 𝜃) = 𝑈(𝜌, 𝜃) and

the Laplace operator in polar coordinates:

Δ2𝑢 ∶= 𝜕2𝑢
𝜕𝑥2 + 𝜕2𝑢

𝜕𝑦2 = 𝜕2𝑈
𝜕𝜌2 + 1

𝜌
𝜕𝑈
𝜕𝜌 + 1

𝜌2
𝜕2𝑈
𝜕𝜃2 (12.5)

We start representing this operator in the new stretched coordinate
system 𝜌∗, 𝜃. Putting:

𝜌 = 𝑟(𝜃) = 1
𝑅(𝜃) (0 ≤ 𝜃 ≤ 2𝜋) (12.6)

the unit circle is recovered by putting 𝑅(𝜃) ≡ 1.
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Using this polar equation, the corresponding stretched coordinates 𝜌∗, 𝜃
in the plane 𝑥, 𝑦 are given by:

𝑥 = 𝜌∗ cos 𝜃/𝑅(𝜃) , 𝑦 = 𝜌∗ sin 𝜃/𝑅(𝜃) (12.7)

and assuming:

𝑉 (𝜌∗, 𝜃) = 𝑢 [𝜌∗ cos 𝜃/𝑅(𝜃), 𝜌∗ sin 𝜃/𝑅(𝜃)]
the Laplacian becomes:

Δ2𝑢 = [𝑅2(𝜃) + 𝑅′2(𝜃)] 𝜕2𝑉
𝜕𝜌∗2 + 2

𝜌∗ 𝑅(𝜃)𝑅′(𝜃) 𝜕2𝑉
𝜕𝜌∗𝜕𝜃

+ 1
𝜌∗ [𝑅2(𝜃) + 𝑅(𝜃)𝑅″(𝜃)] 𝜕𝑉

𝜕𝜌∗ + 1
𝜌∗2 𝑅2(𝜃)𝜕2𝑉

𝜕𝜃2

(12.8)

For 𝜌∗ = 𝜌 and 𝑅(𝜃) ≡ 1 we find the Laplacian in polar coordinates.

12.2 The Dirichlet Problem for the Laplace
Equation in Gielis Domains

Consider the Dirichlet problem for the Laplace equation:
⎧{
⎨{⎩

𝜕2𝑢
𝜕𝑥2 + 𝜕2𝑢

𝜕𝑦2 = 0 in
∘

𝒟

𝑢 = 𝑓(𝑥, 𝑦) on 𝜕𝒟
(12.9)

In [74] we have proven the result:
Theorem 12.1. Putting:

𝑢(𝑥, 𝑦) = 𝑢(𝜌 cos 𝜃, 𝜌 sin 𝜃) = 𝑈(𝜌, 𝜃)

𝐹(𝜃) = 𝑓 [𝑟(𝜃) cos 𝜃, 𝑟(𝜃) sin 𝜃] = 𝛼0
2 +

∞
∑
𝑚=0

(𝛼𝑚 cos𝑚𝜃 + 𝛽𝑚 sin𝑚𝜃)

the solution of the internal Dirichlet problem can be represented as:

𝑈(𝜌, 𝜃) =
∞

∑
𝑚=0

(𝑎𝑚 cos𝑚𝜃 + 𝑏𝑚 sin𝑚𝜃) 𝜌𝑚 (12.10)
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where 𝑎0 = 𝛼0/2 and the coefficients 𝑎𝑚, 𝑏𝑚 (𝑚 = 1, 2, 3, … ) are given
by solving the infinite system:

⎧{{{{{{
⎨{{{{{{⎩

∞
∑
𝑚=1

𝑎𝑚 ∫
2𝜋

0
[𝑟(𝜃)]𝑚 cos𝑚𝜃 cosℎ𝜃 𝑑𝜃

+
∞

∑
𝑚=1

𝑏𝑚 ∫
2𝜋

0
[𝑟(𝜃)]𝑚 sin𝑚𝜃 cosℎ𝜃 𝑑𝜃 = 𝜋𝛼ℎ

∞
∑
𝑚=1

𝑎𝑚 ∫
2𝜋

0
[𝑟(𝜃)]𝑚 cos𝑚𝜃 sinℎ𝜃 𝑑𝜃

+
∞

∑
𝑚=1

𝑏𝑚 ∫
2𝜋

0
[𝑟(𝜃)]𝑚 sin𝑚𝜃 sinℎ𝜃 𝑑𝜃 = 𝜋𝛽ℎ

(ℎ = 1, 2, 3, … )

(12.11)

Example

As an example, we start from the general Gielis equation [40]:

𝑟(𝜃) = [𝑐 (∣cos (1
2𝑚𝜋𝜃)
𝛼 ∣

𝑛2

+ ∣sin (1
2𝑚𝜋𝜃)
𝛽 ∣

𝑛3

)]
−1/𝑛1

𝜃 ∈ [0, 1]

(12.12)
by choosing particular values of the parameters.

By assuming in Equation (12.12) that 𝑐 = 22, 𝛼 = 5, 𝛽 = 8, 𝑚 = 10,
𝑛1 = 𝑛3 = 6 and 𝑛2 = 4 we obtain the shape of the relevant domain 𝒟
in Figure 38.

Let 𝑓(𝑥, 𝑦) = cosh(𝑥 + 𝑦) + 5𝑥2𝑦 be the function representing boundary
values. Then we obtain the results reported in Table 3. In the first
column we show the 𝐿2(𝜕𝒟) norm of the boundary error 𝑓 −𝑢ℎ (where
𝑢ℎ denotes the (2ℎ + 1)th partial sum of the approximating Fourier
series) and in the second column the 𝐿2(𝒟) norm of the inside error,
i.e. the 𝐿2(𝒟) norm distance of Δ𝑢ℎ from zero.

The obtained results, with P. Natalini as a coauthor (see [74]), show the
convergence (in general a.e.) of the approximating sequence of functions
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Figure 38. Starfish domain.

||𝑓 − 𝑢1||𝐿2
= 0.000335952 ||Δ𝑢1||𝐿2

= 0. × 10−17

||𝑓 − 𝑢2||𝐿2
= 0.000133587 ||Δ𝑢2||𝐿2

= 0. × 10−17

||𝑓 − 𝑢3||𝐿2
= 0.000101291

||𝑓 − 𝑢4||𝐿2
= 9.02500 × 10−5

||𝑓 − 𝑢5||𝐿2
= 5.42434 × 10−5

||𝑓 − 𝑢6||𝐿2
= 4.75581 × 10−5

||𝑓 − 𝑢7||𝐿2
= 4.75567 × 10−5

||𝑓 − 𝑢8||𝐿2
= 4.75565 × 10−5

Table 3. 𝐿2 norms of boundary and inside approximation errors.

to the function 𝑓 , according to the general results on Fourier series
proven by L. Carleson [22].

12.3 The Heat Problem in Gielis Domains
The heat problem for a plate with a general shape is often reduced
to the circular case by using the conformal mappings technique
(see e.g. [35, 65]), but only very special cases can be treated analytically
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by using this method since only few explicit equations for the relevant
conformal mappings are known. However, it is possible to use the
stretched coordinates system in order to obtain a quite general result
for a Gielis domain.

Consider a plate with normal polar shape 𝒟 and known diffusivity 𝜅.
Suppose the boundary temperature is zero for every 𝑡 ≥ 0 and the
initial temperature is given by the continuous function 𝑓(𝑥, 𝑦) so that
the problem of finding the temperature of the plate for every 𝑡 > 0 is
expressed by:

⎧{
⎨{⎩

𝜕𝑢
𝜕𝑡 = 𝜅 (𝜕2𝑢

𝜕𝑥2 + 𝜕2𝑢
𝜕𝑦2 ) in

∘
𝒟

𝑢(𝑥, 𝑦, 𝑡)|(𝑥,𝑦)∈𝜕𝒟 = 0 , 𝑢 (𝑥, 𝑦, 0) = 𝑓 (𝑥, 𝑦)
(12.13)

In [73], with P. Natalini and R. Patrizi as coauthors, the following result
was proven:

Theorem 12.2. The above heat problem admits a classical solution:

𝑢(𝑥, 𝑦, 𝑡) ∈ [𝐶2(
∘

𝒟) × 𝐶1(R+)] ∩ 𝐶0[�̄� × R+]

such that the following generalized Fourier expansion in terms of Bessel
functions holds:

𝑢(𝑥, 𝑦, 𝑡) = 𝑈(𝜌, 𝜃, 𝑡)

=
∞

∑
𝑚=0

∞
∑
𝑘=1

(𝐴𝑚,𝑘 cos𝑚𝜃 + 𝐵𝑚,𝑘 sin𝑚𝜃)

× 𝐽𝑚 (𝑗(𝑚)
𝑘

𝑟(𝜃) 𝜌) exp⎡⎢
⎣

− (𝑗(𝑚)
𝑘

𝑟(𝜃))
2

𝜅𝑡⎤⎥
⎦

(12.14)

Putting 𝑈(𝜌, 𝜃, 0) = 𝐹(𝜌, 𝜃) =∶ 𝐺(𝜌∗, 𝜃) where:

𝐺(𝜌∗, 𝜃) =
∞

∑
𝑚=0

[𝛼𝑚(𝜌∗) cos𝑚𝜃 + 𝛽𝑚(𝜌∗) sin𝑚𝜃] (12.15)
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so that:

𝛼0(𝜌∗) = 1
𝜋 ∫

2𝜋

0
𝐺(𝜌∗, 𝜃) 𝑑𝜃

𝛼𝑚(𝜌∗) = 1
𝜋 ∫

2𝜋

0
𝐺(𝜌∗, 𝜃) cos𝑚𝜃 𝑑𝜃 (𝑚 = 1, 2, … )

𝛽𝑚(𝜌∗) = 1
𝜋 ∫

2𝜋

0
𝐺(𝜌∗, 𝜃) sin𝑚𝜃 𝑑𝜃 (𝑚 = 1, 2, … )

(12.16)

the coefficients 𝐴𝑚,𝑘, 𝐵𝑚,𝑘 are given by:

⎧{{{{{{
⎨{{{{{{⎩

𝐴0,𝑘 = 1
[𝐽1(𝑗(0)

𝑘 )]
2 ∫

1

0
𝜌∗ 𝛼0(𝜌∗) 𝐽0(𝑗(0)

𝑘 𝜌∗) 𝑑𝜌∗

𝐴𝑚,𝑘 = 2
[𝐽𝑚+1(𝑗(𝑚)

𝑘 )]
2 ∫

1

0
𝜌∗ 𝛼𝑚(𝜌∗) 𝐽𝑚(𝑗(𝑚)

𝑘 𝜌∗) 𝑑𝜌∗

𝐵𝑚,𝑘 = 2
[𝐽𝑚+1(𝑗(𝑚)

𝑘 )]
2 ∫

1

0
𝜌∗ 𝛽𝑚(𝜌∗) 𝐽𝑚(𝑗(𝑚)

𝑘 𝜌∗) 𝑑𝜌∗

(12.17)

Remark 3. Note that the above formulas still hold if the function
𝑟(𝜃) is a piecewise continuous function and if the initial data are given
by square integrable functions, not necessarily continuous, so that the
relevant coefficients 𝛼ℎ, 𝛽ℎ in Equation (12.15) are finite.

Example

In the following example we consider, for the starlike plate, a Gielis
equation of the type:

𝑟(𝜃) = 𝑐 ⎡⎢
⎣

⎛⎜
⎝

∣
cos (𝑚1𝜃

4 )
𝛼 ∣

𝑛1

+ ∣
sin (𝑚2𝜃

4 )
𝛽 ∣

𝑛2

⎞⎟
⎠

⎤⎥
⎦

−1/𝑛3

(12.18)
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Figure 39. Shape of the domain 𝒟.

||𝜅Δ𝑢30 − 𝜕𝑡𝑢30||𝐿2( ∘
𝒟) ||𝑢30||𝐿2(𝜕𝒟)

𝑡 = 0 0.172694 5.87219 × 10−37

𝑡 = 1 101.478 5.70500 × 10−48

𝑡 = 2 1.48269 × 10−7 5.09531 × 10−58

𝑡 = 3 5.87713 × 10−17 5.77811 × 10−68

Table 4. 𝐿2 norms of boundary and inside approximation errors at
different times.

By assuming in (12.18) that 𝑐 = 0.015, 𝛼 = 12, 𝛽 = 4, 𝑚1 = 12, 𝑚2 = 6,
𝑛1 = 8, 𝑛2 = 12 and 𝑛3 = 6, we obtain the shape of the relevant domain
𝒟 in Figure 39.

Let 𝜅 = 1.5 be the constant representing the diffusivity and 𝑓(𝑥, 𝑦) =
sinh(𝑥𝑦)+log(𝑥2𝑦2+1) the function representing the initial temperature.
In Table 4, the 𝐿2(

∘
𝒟) and 𝐿2(𝜕𝒟) norms of the inside and boundary

errors 𝜅Δ𝑢30 − 𝜕𝑡𝑢30 and 𝑢30 respectively are shown at the times
𝑡 = 0, 1, 2, 3, where 𝑢30 denotes the 30th partial sum of the expansion
in Equation (12.14).
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Figure 40. The approximating solution 𝑢30 and temperature 𝑓 at time
𝑡 = 0.

In Figure 40 are shown, at time 𝑡 = 0, the approximating solution 𝑢30
and the initial temperature 𝑓 , both expressed in polar coordinates.

Remark 4. We note that when the boundary values have wide
oscillations, it is necessary to increase the number 𝑁 of terms in the
relevant Fourier expansion in order to obtain better results.

Remark 5. The 𝐿2 norm of the difference between the exact solution
and its approximate values is always vanishing in the interior of the
considered domain and generally small on the boundary. Point-wise
convergence seems to be true on the whole boundary, with the only
exception a set of measure zero, corresponding to cusps or quasi-cusped
points (i.e. regular points of the curve such that in a very small
neighborhood the tangent makes a rotation of almost 180∘). In these
points, oscillations of the approximate solution (recalling the classical
Gibbs phenomenon) usually appear. Therefore, the theoretical results
of L. Carleson [22] are confirmed, even in the considered case.

12.4 The Wave Equation in Gielis Domains
Let us consider a membrane with normal polar shape 𝒟 and made from
a material characterized by constant propagation speed 𝑎. Moreover,
suppose the boundary displacement is zero for every 𝑡 ≥ 0 and the initial
displacement and velocity distributions are given by the continuous
functions 𝑓 (𝑥, 𝑦) and 𝑔 (𝑥, 𝑦) respectively, so that the problem of finding
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the displacement at any location within the body for every 𝑡 > 0 is
expressed by:

⎧{{{{
⎨{{{{⎩

𝜕2

𝜕𝑡2 𝑣 (𝑥, 𝑦, 𝑡) = 𝑎2Δ2𝑣 (𝑥, 𝑦, 𝑡) in �̊�
𝑣 (𝑥, 𝑦, 𝑡)|(𝑥,𝑦)∈𝜕𝒟 = 0
𝑣 (𝑥, 𝑦, 0) = 𝑓 (𝑥, 𝑦)
𝜕
𝜕𝑡𝑣 (𝑥, 𝑦, 0) = 𝑔 (𝑥, 𝑦)

(12.19)

In [16], with D. Caratelli and P. Natalini as coauthors, the following
result was proven:

Theorem 12.3. Let:

𝑓 (𝜚∗𝑅 (𝜗) cos𝜗, 𝜚∗𝑅 (𝜗) sin𝜗) = 𝐹 (𝜚∗, 𝜗)

=
+∞
∑
𝑚=0

[𝛼𝑚 (𝜚∗) cos𝑚𝜗 + 𝛽𝑚 (𝜚∗) sin𝑚𝜗] (12.20)

𝑔 (𝜚∗𝑅 (𝜗) cos𝜗, 𝜚∗𝑅 (𝜗) sin𝜗) = 𝐺 (𝜚∗, 𝜗)

= 𝑎
𝑅 (𝜗)

+∞
∑
𝑚=0

[𝛾𝑚 (𝜚∗) cos𝑚𝜗 + 𝛿𝑚 (𝜚∗) sin𝑚𝜗]
(12.21)

where:

{ 𝛼𝑚 (𝜚∗)
𝛽𝑚 (𝜚∗) } = 𝜖𝑚

2𝜋 ∫
2𝜋

0
𝐹 (𝜚∗, 𝜗) { cos𝑚𝜗

sin𝑚𝜗 } 𝑑𝜗 (12.22)

{ 𝛾𝑚 (𝜚∗)
𝛿𝑚 (𝜚∗) } = 𝜖𝑚

2𝜋𝑎 ∫
2𝜋

0
𝐺 (𝜚∗, 𝜗) 𝑅 (𝜗) { cos𝑚𝜗

sin𝑚𝜗 } 𝑑𝜗 (12.23)

and 𝜖𝑚 is Neumann’s symbol [1]. Then the initial-value problem for the
wave equation (12.19) admits a classical solution:

𝑣 (𝑥, 𝑦, 𝑡) ∈ 𝐶2 (�̊� × ℝ+) ∩ 𝐶0 (�̄� × ℝ+) (12.24)
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such that the following generalized Fourier expansion in terms of Bessel
functions holds:

𝑣 (𝑥, 𝑦, 𝑡) = 𝑢 (𝜌, 𝜗, 𝑡) =
+∞
∑
𝑚=0

+∞
∑
𝑘=1

𝐽𝑚 (𝜁(𝑚)
𝑘 𝜌

𝑅 (𝜗)) [𝐴𝑚,𝑘 cos𝑚𝜗 cos 𝑎𝜁(𝑚)
𝑘 𝑡

𝑅 (𝜗)

+𝐵𝑚,𝑘 sin𝑚𝜗 cos 𝑎𝜁(𝑚)
𝑘 𝑡

𝑅 (𝜗) + 𝐶𝑚,𝑘 cos𝑚𝜗 sin 𝑎𝜁(𝑚)
𝑘 𝑡

𝑅 (𝜗)

+𝐷𝑚,𝑘 sin𝑚𝜗 sin 𝑎𝜁(𝑚)
𝑘 𝑡

𝑅 (𝜗) ] (12.25)

where 𝜁(𝑚)
𝑘 denotes the 𝑘 − 𝑡ℎ positive root of the Bessel function

of the first type and order 𝑚 ∈ ℕ0. Imposing the initial conditions
𝑈 (𝜚∗, 𝜗, 0) = 𝐹 (𝜚∗, 𝜗) and 𝑈𝑡 (𝜚∗, 𝜗, 0) = 𝐺 (𝜚∗, 𝜗), the coefficients
𝐴𝑚,𝑘, 𝐵𝑚,𝑘, 𝐶𝑚,𝑘, 𝐷𝑚,𝑘 are found to be:

{ 𝐴𝑚,𝑘
𝐵𝑚,𝑘

} = 2
𝐽𝑚+1 (𝜁(𝑚)

𝑘 )
2 ∫

1

0
{ 𝛼𝑚 (𝜚∗)

𝛽𝑚 (𝜚∗) } 𝐽𝑚 (𝜁(𝑚)
𝑘 𝜚∗) 𝜚∗𝑑𝜚∗

(12.26)

{ 𝐶𝑚,𝑘
𝐷𝑚,𝑘

} = 2
𝜁(𝑚)

𝑘 𝐽𝑚+1 (𝜁(𝑚)
𝑘 )

2 ∫
1

0
{ 𝛾𝑚 (𝜚∗)

𝛿𝑚 (𝜚∗) } 𝐽𝑚 (𝜁(𝑚)
𝑘 𝜚∗) 𝜚∗𝑑𝜚∗

(12.27)

with 𝑚 ∈ ℕ0 and 𝑘 ∈ ℕ.

Example

In the following example we assume for the boundary 𝜕𝒟 a general
polar equation of the type:

𝑅(𝜗) = (∣cos
𝑝𝜗
4

𝛾1
∣
𝜈1

+ ∣sin
𝑞𝜗
4

𝛾2
∣
𝜈2

)
−1/𝜈0

(12.28)



96 12. SOLUTION OF PROBLEMS IN GIELIS DOMAINS

By assuming in (12.28) that 𝛾1 = 𝛾2 = 3/4, 𝑝 = 𝑞 = 7, 𝜈0 = 10,
𝜈1 = 𝜈2 = 6 and 𝜗 ∈ [0, 2𝜋], the domain 𝒟 features an equisetum-like
shape as can be seen in Figures 41 and 42.

Figure 41. Initial distributions of displacement (top) and velocity
(bottom) within the equisetum-shaped domain 𝒟 described by the polar
equation (12.28) with parameters 𝛾1 = 𝛾2 = 3/4, 𝑝 = 𝑞 = 7, 𝜈0 = 10
and 𝜈1 = 𝜈2 = 6.

Figure 42. Spatial distribution of the displacement 𝑣 (𝑥, 𝑦, 𝑡) within
an equisetum-shaped domain 𝒟 at different times, as predicted by the
Fourier expansion representation (12.25) with orders 𝑀 = 𝐾 = 60.
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𝑒𝑀,𝐾 𝑀 = 0 𝑀 = 30 𝑀 = 60
𝐾 = 1 99.325% 74.383% 74.382%
𝐾 = 30 91.050% 15.745% 15.744%
𝐾 = 60 90.612% 4.291% 4.239%

Table 5. Relative boundary error 𝑒𝑀,𝐾 for different expansion orders
of the Fourier-like solution of the initial-value problem for the wave
equation (12.19) within the domain 𝒟 described by the polar equation
(12.28) with parameters 𝛾1 = 𝛾2 = 3/4, 𝑝 = 𝑞 = 7, 𝜈0 = 10 and
𝜈1 = 𝜈2 = 6.

Let 𝑓 (𝑥, 𝑦) = log (1 + 𝑥2𝑦2) − 1
2𝑥𝑦 cos (𝑥 + 𝑦) and 𝑔 (𝑥, 𝑦) = 𝑥3𝑦2 +

3𝑥2𝑦 − 2𝑥 be the functions describing the initial distributions of
displacement and velocity, respectively, within 𝒟 under the hypothesis
of normalized propagation constant 𝑎 = 1. Then, with regard to the
relative boundary error 𝑒𝑀,𝐾, the numerical results summarized in
Table 5 are obtained. In particular, as it appears from Figure 41,
the selection of the expansion orders 𝑀 = 𝐾 = 60 leads to a very
accurate Fourier representation of the solution of the relevant initial-
value problem. Finally, we show in Figure 42 the spatial distribution of
the displacement 𝑣 (𝑥, 𝑦, 𝑡) within the considered domain 𝒟 at different
times, as predicted by Equation (12.25) with the mentioned expansion
orders.





PART IV

“One must study not what is interesting and curious, but what is
important and essential ”

Pafnuty L. Chebyshev
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Chapter 13. From Universal Natural
Shapes to Scientific Methodology

13.1 Universal Natural Shapes
In Part I it was shown that Pythagoras’ theorem, linked to the
concept of orthogonality of vectors, has received numerous extensions
in modern mathematics, particularly in Hilbert spaces. Jean-Baptiste
Joseph Fourier is certainly one of the most cited scholars on the
applications of mathematics in technical literature. In fact, the
introduction of the series and the transform that bear his name
have allowed us to mathematically describe the most diverse physical
phenomena, ranging from the theory of heat to that of vibrations
and electromagnetic phenomena. Fourier series and transforms are
indeed used in every corner of science and technology [70]. An implicit
assumption underlying the Pythagorean theorem, its generalization
for any triangle, Fourier series and Hilbert spaces, is that spaces are
somehow isotropic, i.e. the same in all directions. The locus of points
that one arrives at after a prescribed period of time starting from one
point and going in any direction will result in the classic Euclidean
circle as unit circle. But in nature circles are not common and precisely
the reason why Gabriel Lamé made the connection between his curves
and crystals.

A.C. Thompson: “Space to Euclid and Newton was uniform and
“isotropic”, the same in all directions. Such a notion flies in the face of
daily experience, where the connotation of up and down is different
from that of east to west. There are preferred directions. Another
good example is the preferred directions that cause crystals to grow as
polyhedra and not spherically like soap bubbles. Unit circles and spheres
are not the familiar round objects from Euclidean geometry, but are
some other convex shape, called the unit ball.” [99]

The geometer Leopold Verstraelen wrote: “In the same way as Euclidean
geometry in dimension 2 essentially derives from the circle as ground
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figure by which distances may be determined in an isotropic way
when considered from a human point of view, the Lamé curves are
at the basis of the simplest definite Minkowski-Finsler geometries in
which 4-fold anisotropies occur when considered from a human point
of view, and analogous observations can be made in dimensions 3
and more. In this respect, the so-called Gielis curves for dimension
2 and Gielis (hyper)surfaces for dimension 3 (and more) turned out
to be ground figures for describing most natural 𝑠-fold anisotropies
(for 𝑠 = 0, 1, 2, 3, 4, 5, … , or, for that matter, for any 𝑠 ∈ R). And,
closely related herewith, by application of the corresponding Gielis
transformations to the “most natural” curves and surfaces of Euclidean
geometry (e.g. for dimension 2: the circles amongst the closed curves and
the logarithmic spirals amongst the non-closed curves), do result many
of the forms that we do observe in nature – in biology, crystallography,
physics, chemistry, etc.” [102]

These transformations give rise to the simplest Riemann-Finsler
geometries (Section 9.1). At the same time, they are a generalization
of the Pythagorean theorem making use of the classic trigonometric
functions and the four principal mathematical operations. The question
whether Fourier techniques could be used on such anisotropic domains
has been answered affirmatively in Part III, also for the original problem
of Fourier, but now on a starlike domain [73]. The focus in Part III was
on Gielis domains, but the method of the stretched Laplacian is very
general. It should also be noted that convergence is very fast, typically
less than 10 steps to minimize error. This is of great importance
for the natural sciences because existing mathematical techniques can
be used (Part III). Describing the Laplacian for a stretchable radius,
separation of variables can be used and Fourier-projection methods
led to a solution of boundary value problems (Laplace, Helmholtz and
Poisson equations) on all normal polar 2𝐷 and 3𝐷 domains, including
Riemann surfaces, for various boundary conditions.

This stands in stark contrast to how technology developed. Fourier’s
original method could be used on a circular domain (“heat plate”).
A few other methods like conformal mapping allowed for extending
these domains, but the statement that finite elements were developed
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to address this problem of limited domains is not far from the truth.
The situation was summarized by Richard Feynman [34]: “The
mathematical problem of the direct method is the solution of Laplace’s
equation Δ2𝜑 = 0. Subject to the condition that 𝜑 is a suitable constant
on certain boundaries – the surfaces of the conductors. Problems which
involve the solution of differential field equations subject to certain
boundary conditions are called boundary value problems. They have been
the subject of considerable mathematical study. In the case of conductors
having complicated shapes, there are no general analytical methods. Even
such a simple problem as that of a charged cylindrical metal closed at
both ends – a beer can – presents formidable mathematical difficulties.
It can be solved only approximately, using numerical methods. The only
general methods of solution are numerical.” Two centuries after Fourier,
the availability of a continuous transform allows for exact solutions on a
wide range of domains in 2𝐷 and 3𝐷 without the need for meshing. This
can be achieved by generalizing the Laplacian and solving boundary
value problems on any domain. The next step is to couple shapes and
development of shapes to natural curvature conditions (Section 14.2).

13.2 A Wide Range of Natural and
Abstract Shapes

The title of the original paper introducing Gielis transformations in the
American Journal of Botany is “A Generic Geometric Transformation

Figure 43. Advancing geometric description of plant organs.
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Figure 44. Top row: columnar cacti and sections [41]. Bottom row:
Superformula Towers by Lava Architects and their sections in green.

Figure 45. Upper left: Anthenoides tenuis. Upper row: Culcita
schmideliana. Lower left: Stellaster equestris. Lower center left and
lower center right: Tosia australis. Lower right: Tosia magnifica [88].
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Figure 46. Future Fossils. Top right: fossil of a Parawocklumeria
shell with constrictions. Bottom right: one of the Future Fossils with
constrictions.

Figure 47. Left: Diatoms – biological. Right: Diatoms – digital
(www.mrkism.com).

That Unifies a Wide Range of Natural and Abstract Shapes” [40].
‘Generic’ points to the applicability of a wide group of shapes, forms and
phenomena, but the term ‘Unifies’ specifies that this transformation not
only works for the abstract shapes in mathematics, but also for natural
shapes. In this section, a range of natural and abstract shapes described
by this transformation are juxtaposed (Figures 43–47).

www.mrkism.com
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13.3 What Can We Do With Two
(or Three) Parameters?

Superellipses are closed Lamé curves and they are widely used now
even in astronomy (Figure 48; [26, 47, 94]). They have also been used
in architecture worldwide. The most illustrious example is Sergel’s Torg
in Stockholm. Piet Hein suggested to the architects to use a superellipse
to optimize space and obtain a uniform curve (Figure 49), whereas the
architects originally used various arcs [37, 41].

This was the inspiration to describe the cross sections of square bamboos
Chimonobambusa quadrangularis using superellipses in plants [40, 42].
This hypothesis was tested on more than 1,436 sections of another
square bamboo, Chimonobambusa utilis (Keng) [59]. This is a medium
to large bamboo with culms 5-10 m tall and 3-4 cm in diameter,
characterized by quadrangular cross sections in the lower and middle
parts of the culms.

This species of bamboo is distributed over a wide area in Sichuan,
Guizhou and Yunnan provinces in China at altitudes of 1,400 to 2,600 m
and average temperatures of 8-16∘𝐶, with extreme low temperatures of
−14∘𝐶. The name ‘chimono’ derives from the Greek word for winter.

Figure 48. A superelliptical galaxy: LEDA 074886 [52].



13.3 What Can We Do With Two (or Three) Parameters? 107

Figure 49. Sergel’s Torg in Stockholm.

Indeed, the shoots of these species develop in autumn, typically from
late August to December, in contrast to all other temperate bamboos
with new shoots sprouting to full height in spring and with lignification
throughout the season. The elongation of square bamboos can halt due
to the cold and start again in spring to attain their full height. The
particular cross-sectional shape of the culms is beneficial with improved
resistance against torsion and bending [41]. From 30 stems, 750 sections
were cut, leading to 1,436 shapes to be analyzed with the shape of the
outer and inner rings (Figure 50). All tested bamboo culms can be
described by superellipses (Figure 51).

Figure 50. Left: culms of Chimonobambusa quadrangularis ‘Suow’.
Center and right: cross sections of Chimonobambusa utilis and fitted
curves.
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Figure 51. Bamboo culms [104].

One crucial finding in square bamboo stems of Chimonobambusa utilis
is a bimodal distribution of superellipses with 𝑛 > 2 and subellipses
with 𝑛 < 2 in Figure 52A and 52B respectively [59]. In particular, and
most pronounced in the outer rings, we find no ellipses (or circles) at
all (Figure 52). We find only super- or subellipses (not deviations from
ellipses). This effect is more outspoken in the outer rings, but one is
reminded of the fact that the tissues furthest from the center contribute
most to counteracting forces of bending and torsion.

Figure 52. Bimodal distribution of 𝑛 values of outer rings (A) and
inner rings (B). The boxplot (C) shows mean and median as well as
standard deviations.
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The shape of cross sections of bamboo culms is described by two
parameters, namely one for the shape (𝑛) and one for the size (𝑎/𝑏):

𝜌(𝜗) = 1
𝑛√|1

𝑎 cos(𝜗
4 )|𝑛 + |1

𝑏 sin(𝜗
4 )|𝑛

(13.1)

It turns out that for a wide range of natural shapes, a low-parameter
version of 𝐺𝑇 is sufficient. For example, also the shape of bamboo leaves
is encoded in two parameters, one for the shape 𝑛 and one for the size,
and the predicted leaf shape matched the observed leaf shape very well
for 46 bamboo species (Figure 53). In this case, the relevant fitting is
given by:

𝜌(𝜗) = ℓ
𝑛√| cos (𝜗

4 ) | + | sin (𝜗
4 ) |

(13.2)

Although the leaf sizes (length and width) of all 46 tested bamboo
species differ considerably, their leaf shapes vary relatively little, but
the difference can be clearly quantified [68]. Whereas in taxonomy
bamboo leaf blades are characterized by qualitative characteristics such
as lanceolate and linear-lanceolate, we now have a clear quantitative
number (the exponent) for a qualitative characteristic. Only two

Figure 53. Left: leaves of various bamboos. Right: comparison between
scanned leaf profile and predicted leaf profile [68].
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Figure 54. Leaves of Parrotia [89].

parameters account for variations in shape and size between different
bamboo species.

This can also be used for a wide variety of plant leaves (or leaflets on
compound leaves). Figure 54 shows fits of superelliptical curves to leaves
of Parrotia [89], where the area of the leaf and the fitted two-parameter
curve are the same. Note that area, not shape, is the most important
characteristic of foliage leaves in plants, aimed at maximizing the area
available for photosynthesis.

Equation (13.1) was also used as a method to study the tree rings of
seven different conifers or softwoods [87]. In general, cross sections of
softwood trees suggest a circular shape for the tree rings, but perception
can be very misleading. It was shown that tree rings are much better
modeled by superellipses (Figure 55). The modified version of the Gielis
formula used is with all exponents 𝑛 equal and with 𝑎 and 𝑏 different,
which starts from superellipses. Measuring hundreds of tree rings proved
that the model was very efficient. In softwoods it is well known that the
stems tend to spiral and may change direction after some time. This
rotation around the vertical axis is torsion, relative to the axis as a
cylinder, and it has both genetic and environmental components. The
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Figure 55. Superelliptical tree rings in softwoods. From left to right:
Jack pine (Pinus banksiana Lamb), red pine (Pinus resinosa Aiton),
tamarack (Larix laricina (Du Roi) K. Koch) and white cedar (Thuja
occidentalis L.).

study of tree rings with Equation (13.1) permits a quantification of the
rotation of tree rings over the years and is one of the very first in its
kind to focus on this aspect of growth in trees.

The model is also dynamic. The volume, size and shape of cross sections
(area and perimeter) of cacti changes depending on how much water is
stored in the cactus: it will expand after rainfall and shrink in drier
periods. Having these characteristics available, immediately permits
the study of such ratios in more depth. Ratios such as area/perimeter
or area/polar moment of inertia, etc. can be used. Plants have to
adapt continuously to changing environments caused by temperature,
rainfall and wind, and have to perform multi-objective optimization.
Superellipses and supershapes are excellent solutions [41].

13.4 Chebyshev for Botanists
Fibonacci numbers are a very popular subject of research and recreation,
and one can find innumerable articles on the topic in mathematics,
science, architecture and the arts. Especially in the latter fields they
have achieved an almost divine status, because of the relation to the
golden mean. From a scientific point of view however, one needs to
be very cautious in the application of the series to actual natural or
cultural phenomena. For example, in the arrangement of leaves, the
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Figure 56. Sunflowers in Umbria.

Fibonacci numbers relate the number of spirals going in one direction
to the number of spirals in the other (Figure 56). In a large-scale
experiment of popular science with over 600 sunflowers, only 3 out of
4 of the parastichies on sunflowers were direct Fibonacci numbers. The
other 1/4 (i.e. 25%) were approximate or modified Fibonacci and Lucas
numbers, derived series, or irregular [95].

Gabriel Lamé worked on the recurrent series 𝑢𝑛+2 = 𝑢𝑛+1 + 𝑢𝑛 with
initial conditions 𝑢0 = 0; 𝑢1 = 1, and for this reason it was known as
the Lamé series. Notwithstanding the fact that various mathematicians
had worked on this series, it was apparently only in 1876 that the name
Fibonacci was linked to this recurrent series [69]. Lamé’s work with the
series was purely mathematical, in contrast to superellipses, which he
developed to deal with natural shapes, in particular crystals.

It is simply a method of recurrence and the starting pair of numbers
determines the outcome. If this pair is (1, 1) or (1, 2) one obtains the
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Fibonacci series, the so-called main sequence of phyllotaxy. In the
accessory series, the first side number is 1. Then the first pair of side
and diagonal numbers (1, 3) will generate the numbers of the Lucas
series (1, 3, 4, 7, … ), also known as the first accessory series. The second
and third accessory series start with (1, 4) and (1, 5) respectively. The
so-called multijugate main sequence starts with (2, 4) leading to every
term in the Fibonacci series doubled, namely 2 ⋅ (1, 1, 2, 3, 5, … ). In
the bijugate first accessory series the sequence is double of the Lucas
series: 2 ⋅ (1, 3, 4, 7, … ). And so on. Finally, the lateral sequences start
with the side number 2 and for the first diagonal number odd numbers
≥ 5 are used (using 3 generates the Fibonacci series). This lateral
sequence is also known as the anomalous phyllotaxis. Actually, the
symmetry parameter in the Superformula can be a rational number,
such as 𝑚 = 5/2, generating a pentagram-like shape with five vertices
closing in two rotations (Figure 57) giving the same as the Fibonacci
2/5 phyllotaxis.

Since leaves and scales on pinecones are discrete structures, one should
look to difference equations, polynomials and logarithmic spirals to
study phyllotaxy [41]. For example, Chebyshev polynomials, Lucas
numbers 𝐿𝑛 and Fibonacci numbers 𝐹𝑛 can all be considered as special
cases of the homogeneous linear second order difference equation with

Figure 57. Pentagram symmetries in Huernia flowers.
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constant coefficients 𝑢0; 𝑢1; 𝑢𝑛+1 = 𝑎𝑢𝑛 + 𝑏𝑢𝑛−1 for 𝑛 ≥ 1. If 𝑎 and 𝑏
are polynomials in 𝑥, a sequence of polynomials is generated.

Particularly, if 𝑎 = 2𝑥 and 𝑏 = −1, we obtain Chebyshev polynomials.
They are of the first kind 𝑇𝑛(𝑥) for 𝑢0 = 1; 𝑢1 = 𝑥 and of the second kind
𝑈𝑛(𝑥) for 𝑢0 = 1; 𝑢1 = 2𝑥. Fibonacci numbers 𝐹𝑛 arise for 𝑎 = 𝑏 = 1;
𝑢0 = 0; 𝑢1 = 1. For 𝑎 = 𝑏 = 1; 𝑢0 = 2; 𝑢1 = 1 we obtain Lucas numbers
𝐿𝑛. Therefore, if in Chebyshev polynomials 𝑖 =

√
−1 is used with

𝑥 = 1/2, the results are Lucas numbers 𝐿𝑛 for Chebyshev polynomials
of the first kind 𝑇𝑛 and Fibonacci numbers 𝐹𝑛 for those of the second
kind 𝑈𝑛. There is a range of other beautiful connections [79].

“Real analysts cannot do without Fourier, complex analysts cannot do
without Laurent, and numerical analysts cannot do without Chebyshev.
Moreover the mathematics of the connections between the three
frameworks is beautiful.” [101]
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Chapter 14. Understanding Life

14.1 Commensurability and Computability
In the past decade, over 40,000 biological specimens have been tested.
In starfish, plant leaves, seeds and tree rings there are excellent
agreements between model and real measured data, but in both cases
two parameters for superellipses suffice. Circles and ellipses, the ideal
shapes from Euclidean geometry, are rarely observed, also not in tree
rings. They are not deviations of the circle, or near-circles, but their
shape is superelliptic. Richard Feynman wrote: “We have in our minds
a tendency to accept symmetry as some kind of perfection. In fact, it
is the old idea of the Greeks that circles were perfect, and it was rather
horrible to believe that the planetary orbits were not circles, but only
nearly circles. The difference between being a circle and being a nearly-
circle is not a small difference. It is a fundamental change so far as
the mind is concerned. There is a sign of perfection and symmetry in
a circle that is not there the moment the circle is slightly off. That is
the end of it, it is no longer symmetrical. Then the question is why it
is only nearly a circle – that is a more difficult question.” [34]

What we find in biology are not small deviations from the ideal
circle, nor are they nearly circles, in which symmetry vanishes. On the
contrary: they are genuine supercircles and superellipses (or subcircles
and subellipses) with their own internal (and perfect) symmetry. The
absence of circles and ellipses in biology challenges the validity of
physics methods based on the classical Pythagorean theorem and on
conic sections in applications in biology.

A fundamental question in the natural sciences has always been
about measurements and metric geometry: “how to measure, with what
yardstick?” A search for a common measure or yardstick has always been
essential and symmetry has the very same origin. Symmetry (-metria)
for the Ancient Greek mathematicians meant proportion or right
balance and the verb “to symmetrize” is the deliberate act of making
objects commensurable, forming the real basis of mathematics and
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geometry. Gielis transformations, which are essentially a generalization
of the Pythagorean theorem and of conic sections, allow for a uniform
description of a wide range of abstract and natural shapes. This opens
the door for a geometrical theory of morphogenesis, which is similar to a
geometrization of nature (not only of physics). In a geometric way, Gielis
curves make natural shapes, objects and phenomena commensurable
(i.e. symmetric). In Chapter 13 a range of shapes is shown that
are created with Equations (9.23) and (9.24) or the 3𝐷 versions
thereof.

Beyond the descriptive and the computational, natural shapes and
phenomena are subject to external and internal forces. The best
examples are soap films and soap bubbles, which are examples of
stress minimization on their surfaces. Such stresses are also referred to
as natural curvature conditions. Natural curvature conditions are the
reason why soap films and soap bubbles are optimal solutions to given
problems: that of arranging a soap film, minimizing stress on its surface
while balancing the pressure inside and outside of the soap bubble.

14.2 Constant Anisotropic Mean
Curvature Surfaces

The nearly universal principle in the natural sciences is that the
equilibrium configuration of a system can be found by minimizing
its total energy among all admissible configurations. When we are
considering the surface interface between two or more immiscible
materials, the surface geometry is determined by minimizing the surface
tension subject to whatever additional constraints are imposed by
the environment. These constraints may take the form of boundary
conditions or may include constraints that the volume or even the
surface area be preserved under deformations. In addition, there may
be additional energy contributions depending on the boundary. There
may also be energy contributions arising from external forces such as
gravity. For materials, which are in an ordered phase, the interfacial
energy may be anisotropic, i.e. its density may depend on the direction
of the surface. This is particularly true of the surface of a crystal, a
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fact that is empirically obvious from the way that the surface geometry
tends to favor certain directions.

There is a canonical equilibrium surface, called the Wulff shape, that can
be characterized as the absolute minimizer of the free energy 𝐹 among
all surfaces enclosing the same three-dimensional volume as the Wulff
shape [63, 64]. Other natural curvature conditions are for example the
Willmore conditions with the Willmore functional ∫ 𝐻2𝑑𝐴, the integral
of the squared mean curvature over the total surface, which has been
used to study membranes.

This is the governing principle of why soap films, snowflakes, cells
and membranes, flowers and space-times have the shape they have. As
surfaces residing in a 3𝐷 world, all flowers and plants conform to the
geometrical and mathematical principles of surface theory. This includes
inequalities between means of principal curvatures on a surface 𝑘1, 𝑘2 to
describe stress in a point. These principal curvatures are the maximal
and minimal curvatures and they are perpendicular! In geometry one
compares the arithmetic mean 𝐴𝑀 and the geometric mean 𝐺𝑀
of the two principal curvatures. Furthermore, in the same way as
describing shapes as Lamé curves, relations between classical principal
curvatures can also be superelliptic with the Casorati curvature for
𝑛 = 2 (Figure 58).

For soap bubbles and films, the Gaussian curvature 𝐾 = 𝑘1 ⋅ 𝑘2 (a
quantitative measure of stress on the surface; the square of the 𝐺𝑀)
and mean curvature 𝐻 = 𝑘1+𝑘2

2 (a quantitative measure of stress on
the shape induced by the environment; the 𝐴𝑀) are combined in
the inequality 𝐾 ≤ 𝐻2. This is the very classical (strict) inequality
for positive numbers 𝐺𝑀 < 𝐴𝑀 , but each term squared since in
curvatures of surfaces the values of 𝑘1 and/or 𝑘2 can be negative.
Natural shapes have the tendency to realize equality in the inequality.
The mathematical representations of soap films and soap bubbles are
Delaunay’s Constant Mean Curvature (𝐶𝑀𝐶) surfaces with 𝐻 = 0 or
𝐻 ≠ 0. When 𝐾 = 𝐻 = 0, equality is achieved in the inequality and
this is found in catenoids and planes, with natural examples found in
soap films and the soap catenoid resulting from two rings pulled out of
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Figure 58. Possible configurations between principal curvatures in a
point 𝑃 on a surface [41].

a soap solution. It is a surface of revolution, generated by revolving a
catenary. For soap bubbles 𝐻 ≠ 0, but the stress is evenly distributed
in a dynamical way. This can be observed by the changing colors and
color patterns due to adaptations in thickness.

These classical 𝐶𝑀𝐶 surfaces have been extended to the anisotropic
case, to Constant Anisotropic Mean Curvature surfaces with 𝐺𝑇 ,
whereby the surface energy is distributed along a prism (rather than
spherical as for 𝐶𝑀𝐶) [63]. The result is a ‘supershaped’ catenoid
(Figure 59) which is found in natural snowflakes. Cushion starfish of the
genus Culcita (Figure 60) are an example of the experiments that nature
has run, developing shapes intermediate between the archetypical shape
of starfish (e.g. Anthenoides and Stellaster in Figure 45) and soap
bubbles. In fluid mechanics other examples of supershapes are known
(Figure 61; [42]).

In one stroke our knowledge is extended from minimal surfaces in soap
films to real surfaces and bodies in the natural sciences, and this is
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Figure 59. Left: prism and supercatenoid. Center: prismatic snowflakes.
Right: capped column snowflakes.

Figure 60. Cushion starfish [41].

Figure 61. Supershape patterns in viscous fluids [42].

valid from the hyperlarge to the ultra-small. The curved surfaces we
observe everywhere can be studied as solutions to (multi-objective)
optimization problems. Growth and development are about getting rid
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Figure 62. Left: Maretia planulata (sand dollar). Center: flower-like
openings in the shell of a sand dollar. Right: pentagonal supershape
in black with its curvature in blue (𝑚 = 5; 𝑛1 = 5; 𝑛2,3 = 3.2;
𝐴 = 𝐵 = 1.7).

of stress induced by the environment, both external (e.g. light, heat,
humidity, nutrients) and internal (e.g. turgor pressure). This is what
the Laplace equation is about.

Instead of avoiding curvatures and tending towards equilibrium shapes,
in nature a “stabilization” of curvature in solid shapes seems to be
quite a general rule, integrating curvature in the most direct way.
Sand dollars are one example. In Figure 62 on the right, a pentagonal
supershape is shown with its curvature in blue. In the center, the
flower-like openings in the shell of a sand dollar can be seen. These
provide opportunities for food collection since the tube feet extrude
from these flower-like openings. The curvature comes naturally with
the slightest deviation from a circle into a supershape. In a sand dollar,
curvatures are functionalized by the test of the sand dollar and through
the openings the tube feet can function.

14.3 Natural Shapes from a Geometrical
Vantage Point

Natural shapes can be considered as two opposite reactions to tension
induced by the environment. When the tension in the shape aligns
with the growth vector, the resulting shape is the circle. When the
shape growth completely opposes the tension, the resulting shape is the
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Figure 63. 𝐺𝑇 on a circle and logarithmic spiral.

logarithmic spiral [56]. These are the two basic shapes in nature, from a
purely geometrical viewpoint. By applying Gielis transformations (𝐺𝑇 )
to these two basic shapes, a very wide range of natural shapes can be
studied in a simple way: take one of the two basic shapes and extract
the anisotropy (or curvature) via 𝐺𝑇 (Figure 63). That is, the function:

𝜌(𝜗) = 1
𝑛1√| 1

𝐴 cos(𝑚
4 𝜗)|𝑛2 + | 1

𝐵 sin(𝑚
4 𝜗)|𝑛3

⋅ 𝑓(𝜗)

with 𝑓(𝜗) either a constant function (the circle) or the exponential
function 𝑒𝑥.

In Figure 64, examples of the transformation of logarithmic spirals
(the polar representation of the exponential function) are shown. The
quintessential example of logarithmic spirals in nature are Nautilus
shells (Figure 64 bottom right). Here the value of 𝐺𝑇 is equal to one.
Such “continuous” growth (i.e. the spiral without transformations) is
also observed in snails (Figure 64 right bottom row). Most mollusk
shells however display an anisotropic growth.

Figure 64. Left: Soliclymenia paradoxa fossil. Bottom right: Nautilus
pompilius L.
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14.4 Curvature Can Be Based on the
Shape Itself

The first to understand in detail that rulers could be stretchable and at
the same time have a precise quantitative meaning, were Einstein and
Poincaré: they understood that measured data could be interpreted in
a new framework of Special Relativity Theory (𝑆𝑅𝑇 ) in which time
or mass lose their absolute meaning. All becomes relative, depending
on who measures and interprets. It is no miracle then that Gielis
transformations are a more general form and the Lorentz-Fitzgerald
transformations of 𝑆𝑅𝑇 are a special case. The intrinsic or extrinsic
view depends on the observer: living in the space or looking from
the outside (Chapter 11; [41]). Another example is General Relativity
Theory (𝐺𝑅𝑇 ), namely space-time metrics of the Big Bang type
which are formal deformations of Pythagoras’ theorem, similar to the
deformations of Euclidean circles or spheres with Gielis transformations,
whereby the space-slices of the full space-time at any given time 𝑡 are
Riemannian 3𝐷-spaces of constant curvature 𝑐(𝑡) [47]:

𝑑𝑠2 = −𝑑𝑡2 + {𝑐(𝑡) ⋅ [1 + 𝑘
4 (𝑥2 + 𝑦2 + 𝑧2)]}

−2
(𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2)

(14.1)

with 𝑘 = +1, 0 or −1. By way of visualization in 2𝐷- rather than in
4𝐷-representation, such metrics are carried for instance by surfaces of
revolution in 3𝐷-space. Such Riemannian spaces of constant curvature
(including Euclidean, elliptic and hyperbolic ones for 𝑘 = +1, 0 or −1
respectively) are very important, since in such spaces rulers can be
moved around without changing which is essential for any geometry
with metric comparisons. This concerns solutions to Einstein’s 𝐺𝑅𝑇 ,
but actually the Lorentz-Fitzgerald transformations which are key in
𝑆𝑅𝑇 are a special case of Gielis transformations with a nice geometrical
interpretation [47], since they provide for stretchable rulers.

The notion of the notion of curvature can then also be generalized. In
the Oresme-Newton tradition, the dominant view in science, curvature
of curves is compared with the classic Euclidean circle. It is a pointwise
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Figure 65. Left: the classic result of rotating a red circle relative to a
green one. Center and right: a chain is rotated along the curve following
the space.

procedure and the radius of this circle is called the radius of curvature.
Consequently, one curve has a circle of curvature which is the curve
itself and that is the circle. In all other cases the procedure becomes
pointwise, i.e. in each point of a curve we need to determine the best
fitting circle.

The alternative is to start from the unit circle and use this as an
osculating curve. Then any normal polar shape can be used and the
process is global too, not local. Fitting is then no longer a local process
of fitting a circle to a point on a curve, but it becomes a global process
for the complete shape, much in the same way as the osculating circle fits
a circle everywhere (Figure 65). Hence this process of defining curvature
is global rather than local (or “glocal” as referring to a zone rather than
to a point).

Starting from this novel type of shape description and curvature of
shapes, we can define, analogous to curvature of curves using circles,
Lamé curvatures 𝑘𝐿 (14.2) and Gielis curvatures 𝑘𝐺𝑇 (14.3):

𝑘𝐿 = 1
𝜌(𝜗) = 𝑛√|𝑐𝑜𝑠(𝜗)|𝑛 + |𝑠𝑖𝑛(𝜗)|𝑛 (14.2)

𝑘𝐺𝑇 = 1
𝜌(𝜗) = [∣ 1

𝐴 cos(𝑚
4 𝜗)∣

𝑛2
+ ∣ 1

𝐵 sin(𝑚
4 𝜗)∣

𝑛3
]

1
𝑛1

(14.3)
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Science’s current main tools are based on the circle as the osculating
curve, which is also the basis for the calculus. In a like manner, we can
use Lamé-Gielis curves as osculating curves and derive calculus from
thereon. A further step is then the generalization for the anisotropic
case of Newton’s law of gravitation and Coulomb’s law for electrostatic
attraction, both depending on the square of the distance between two
masses or two masses or charges, namely 1/𝜌2(𝜗).

14.5 New Lenses for 20/20 Vision in the
Natural Sciences

We build models about our observations of natural phenomena and
shapes. Observations in botany led to the generalization of Lamé
curves to Gielis transformations and to the notion of Universal Natural
Shapes, where one generalization of the Pythagorean theorem leads to
a unified description of natural shapes, great and small, living and non-
living. For our observations, perception is crucial. In the early days
after discovering Lamé curves to model plants and flowers, several
botanists and others replied that the shapes of Marsilea leaves or
Hydrangea sepals (Figure 66) are round or circular. The same answer
from artists or scientists. But when they were shown Lamé curves they
all immediately agreed that these shapes were indeed Lamé curves,
intermediate between circle and square.

Figure 66. Left: leaves of Marsilea. Center: sepals of Hydrangea “Blue
Wave”. Right: a snowflake with short and long sides.
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Ice has a molecular symmetry of six and most well-known snowflakes
indeed have this hexagonal symmetry. In Figure 66, a snowflake is
shown with alternating long and short sides. The general view is that
it is a truncated triangle. A classical Fourier series would indicate a
strong amplitude at 3. Some form of symmetry-breaking or reduction
has occurred and the original hexagonal symmetry of ice is reduced
to three. However, if we look through our new glasses, the result with
Equation (9.23) is that we see a hexagon with short S and long L sides.
Just as a rectangle with S-L-S-L sides is obtained from a square with
all sides equal by stretching in one direction, now for the hexagon we
have S-L-S-L-S-L. But despite this change, it remains a hexagon with
its symmetry of six and all snowflakes retain the original symmetry
of ice.

The key is that Lamé-Gielis transformations provide for new glasses
and lenses to study nature, in which many different fields of science can
be unified. By generalizing Lamé’s work (200 years ago) we arrived
at a 21st-century version of the Pythagorean theorem (2,500 years
ago). With our new glasses we see more structure than chaos, more
redundancy than entropy and continuous transformations between
shapes. Circles and squares, ellipses and polygons, starfish and flowers,
are no longer different, but one family of geometrical shapes. It allows
for a quantification of the qualitative in nature. With these lenses we can
study natural shapes from the point of view of curvature and natural
shapes as transformations of circle and spiral in the 2𝐷 case. Gielis
transformations are an effective geometric approach to deal with some
of the global anisotropies in many forms that do occur in nature and
with imperfections or certain kinds of repeated local deviations from
Euclidean perfection in such forms.

Gielis transformations have found hundreds of applications in
technology ranging from antennas to lasers, from data processing to
nanotechnology, from virtual reality to sounds, and more (see [39]).
Figures 67 and 68 left and center show a collection of shapes that differ
from sphere and torus in a few parameters only. Figure 68 right shows
gold nanoparticles, whereby the shape can be adjusted to improve heat
distribution in cancer research.
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Figure 67. A collection of shapes that differ from sphere and torus in
a few parameters only.

Figure 68. Left and center: wave packets and turbulent movements.
Right: gold supershaped nanoparticles [85].

A continuous transformation in just a few parameters (a low-
dimensional manifold) opens doors for all technologies [39]. The main
advantages include:

1. Ultra-compact representations of shape and change: only a few
numbers suffice (Figure 67);

2. Uniform description, also for combinations of shapes [36];
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3. A continuous transformation between shapes (kinematics and
dynamics);

4. Multi-objective optimization using only a few parameters [4];
5. Ultra-fast computations of solutions [54].
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Chapter 15. Trigonometry on
the Diamond

The approximation of any function to any desired precision with a sum
or series of sines and cosines via Fourier series expansions is a wonderful
mathematical tool which is widely used in technology and science,
either on time series or closed shapes such as plant leaves. We already
know that on each supercircle and superellipse we can define a specific
Pythagorean theorem with associated trigonometrical functions.

Now what if our time-series is a collection of discrete measurements
connected via lines? Such piecewise linear graphs occur, for example, in
seismic measurements or sampling of sounds. In the conversion of analog
sound to digital, samples are taken at specified intervals and from this
the digital signal is constructed. What if we can consider such series as
connected points of a piecewise-linear graph rather than approximate
them with sinusoidal functions?

It turns out that this can be done using inverse trigonometric functions
[78]. The diamond, a subellipse with exponent 𝑛 = 1, can be described
by 𝑥 = arcsin(cos 𝑡) and 𝑦 = arcsin(sin 𝑡) (Figure 69 left), and

Figure 69. Left: the diamond. Right: arcsin(sin(3𝑡)) (green) and
arcsin(cos(5𝑡)) (red).
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the corresponding trigonometric functions are defined immediately
(Figure 69 right). The graphs in Figure 70 show the Lissajous figures
with 𝑥 = arcsin(cos(𝐴𝑡)) and 𝑦 = arcsin(sin(𝐵𝑡)) for particular values
of 𝐴 and 𝐵. For any 𝐴 = 𝐵 we recover the diamond. One can construct
polynomials as sums (Figures 71 and 72).

15.1 D-Fourier Polynomial Expansions
As it seems that only a small number of 𝐷-trigonometric functions
are sufficient to approximate graphs of complicated shapes, in what
follows we consider only 𝐷-Fourier polynomial expansions, avoiding the
complicated problems of series’ convergence.

Given a function 𝑓(𝑡) ∈ 𝐿2(𝜋, 𝜋), put:

𝑓(𝑡) = 𝑎0
2 +

𝑁
∑
𝑘=1

𝑎𝑘 arcsin(cos 𝑘𝑡) + 𝑏𝑘 arcsin(sin 𝑘𝑡) (15.1)

where 𝑁 is the highest frequency of the signal 𝑓(𝑡). Then the coefficients
are computed by using Fourier’s method [58]. For 𝑘 = 0 it follows that:

𝑎0 = 1
𝜋 ∫

𝜋

−𝜋
𝑓(𝑡) 𝑑𝑡 (15.2)

and for 𝑘 ≥ 1 the coefficients are derived by taking the scalar products:

(𝑓(𝑡), arcsin(cos 𝑘𝑡)) = 𝑎𝑘 ∫
𝜋

−𝜋
arcsin2(cos 𝑘𝑡) 𝑑𝑡 (15.3)

(𝑓(𝑡), arcsin(sin 𝑘𝑡)) = 𝑏𝑘 ∫
𝜋

−𝜋
arcsin2(sin 𝑘𝑡) 𝑑𝑡 (15.4)

so that:

𝑎𝑘 = (𝑓(𝑡), arcsin(cos 𝑘𝑡))
|| arcsin(cos𝑛𝑡)||2 (15.5)
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Figure 70. Lissajous figures with 𝑥 = arcsin(cos(𝐴𝑡)) and 𝑦 =
arcsin(sin(𝐵𝑡)). Left: 𝐴 = 3, 𝐵 = 4. Center: 𝐴 = 7, 𝐵 = 4. Right:
𝐴 = 5, 𝐵 = 1.

Figure 71. Left: arcsin(sin(11𝑡)) + arcsin(cos(13𝑡)). Right:
arcsin(sin(12𝑡)) + arcsin(cos(13𝑡)).

Figure 72. Left: arcsin(sin(2𝑡)) + arcsin(cos(2𝑡)). Right:
arcsin(sin(2𝑡)) + arcsin(cos(3𝑡)).
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𝑏𝑘 = (𝑓(𝑡), arcsin(sin 𝑘𝑡))
|| arcsin(sin𝑛𝑡)||2 (15.6)

The integrals in the denominators of Equations (15.5) and (15.6) are
given by:

∫
𝜋

−𝜋
arcsin2(sin 𝑘𝑡)𝑑𝑡 = ∫

𝜋

−𝜋
arcsin2(cos 𝑘𝑡)𝑑𝑡

= 2 ∫
1

−1

(arcsin𝑥)2
√

1 − 𝑥2 𝑑𝑥 ≃ 5.16771...
(15.7)

Then, introducing the constant 𝐷 ∶= 5.16771... we find:

𝑎𝑘 = 1
𝐷 ∫

𝜋

−𝜋
𝑓(𝑡) arcsin(cos 𝑘𝑡) 𝑑𝑡 (15.8)

𝑏𝑘 = 1
𝐷 ∫

𝜋

−𝜋
𝑓(𝑡) arcsin(sin 𝑘𝑡) 𝑑𝑡 (15.9)

Therefore, Equation (15.1) writes as:

𝑓(𝑡) = 1
𝜋 ∫

𝜋

−𝜋
𝑓(𝑡) 𝑑𝑡 +

𝑁
∑
𝑘=1

[ 1
𝐷 (∫

𝜋

−𝜋
𝑓(𝑡) arcsin(cos 𝑘𝑡) 𝑑𝑡

+ ∫
𝜋

−𝜋
𝑓(𝑡) arcsin(sin 𝑘𝑡) 𝑑𝑡)]

(15.10)

where 1/𝐷 ≃ 0.1935... is a constant which corresponds to 1/𝜋 ≃ 0.3183
appearing in the Fourier trigonometric coefficients.

In Figure 73, the graphs of the functions arcsin(sin(2𝑥))2 (left) and
arcsin(sin(4𝑥))2 (right) are shown.

Hence, the analogues of circular functions are defined and formulas
are constructed that translate the trigonometric ones. The relative 𝐷-
trigonometric functions have geometric shapes closely related to the
corresponding classical ones. For these functions, the orthogonality



15.2 Nature: An Endless Source of Inspiration 133

Figure 73. Left: arcsin(sin(2𝑥))2. Right: arcsin(sin(4𝑥))2.

property has been proven and finite combinations of 𝐷-trigonometric
functions allow to write the piece-wise linear functions in a simpler way
with respect to their Fourier expansions. Possible applications can be
found in the representation of sounds or seismic waves generated by
earthquakes.

15.2 Nature: An Endless Source of Inspiration
The application of mathematics to physical and natural phenomena in
almost all cases makes use of pre-existing mathematical structures, such
as Riemannian geometry and tensor calculus for general relativity, and
matrices and Hilbert spaces for quantum mechanics. According to René
Thom (Fields Medal 1958): “There is only one authentic counterexample
to the thesis supporting the preformed, almost a priori character of the
mathematical structures applied progressively to theoretical physics or to
other branches of knowledge of reality: Fourier’s wave theory. It is very
clear that the Fourier series theory was really inspired by physics, more
precisely by the study of vibrating strings or the theory of heat.” [98]

Gielis curves were inspired by botany and various symmetries in nature,
expanding Gabriel Lamé’s proposed use of superellipses to model
crystals to a very wide range of natural shapes and phenomena. This is
a second example of a mathematical development inspired by natural
shapes and phenomena. Indeed, the profound study of nature is the
most fertile source of mathematical discoveries, as Fourier wrote.
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In this book, these two methods have been combined by showing how
the original Fourier projection method can be used to solve boundary
value problems on normal polar domains, in particular Gielis domains.
Moreover, since each specific instance or curve comes with its proper
trigonometric functions and Pythagorean theorem, this opens up new
possibilities and connections in mathematics. In specific cases like the
diamond, this leads to generalizations of Fourier’s work to deal with
piecewise linear functions.
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